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RESIDUE MIRROR SYMMETRY FOR GRASSMANNIANS
BUMSIG KIM, JEONGSEOK OH, KAZUSHI UEDA, AND YUTAKA YOSHIDA
Abstract. Motivated by recent works on localizations in A-twisted gauged linear sigma
models, we discuss a generalization of toric residue mirror symmetry to complete inter-
sections in Grassmannians.
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1. Introduction
A-twisted gauged linear sigma models are 2-dimensional topological field theories in-
troduced by Witten [Wit93]. An A-twisted gauged linear sigma model is specified by a
reductive algebraic group G (or its compact real form) called the gauge group, an affine
space W with a linear action of G×Gm called the matter, and an element ξ of the dual
z∗ of the center of the Lie algebra of G called the Fayet–Iliopoulos parameter. The weight
of the Gm-action is called the R-charge. One can also introduce a superpotential in the
theory, which is a G-invariant function on W of R-charge 2. The correlation functions,
which are quantities of primary interest, do not depend on the potential.
An A-twisted gauged linear sigma model with a suitable Fayet–Iliopoulos parameter
is expected to be equivalent to the topological sigma model whose target is the classical
vacuum subspace of the symplectic reduction W/ ξG. This comes from a stronger expec-
tation that the low-energy limit of a gauged linear sigma model should give the non-linear
sigma model whose target is the symplectic reduction W/ ξG.
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A prototypical example is the case G = Gm and W = A
6, with the action
G×Gm ∋ (α, β) : (z1, . . . , z5, P ) 7→ (αz1, . . . , αz5, α−5β2P )(1.0.1)
and a potential Pf , which is the product of the variable P and a homogeneous polynomial
f in z1, . . . , z5 of degree 5. The symplectic reduction W/ ξG for positive ξ gives the total
space of the O(−5)-bundle on P4. The R-charge of the P -field indicates that the target
space should be considered not as a manifold but as a supermanifold, where the parity
of the fiber is odd.
One candidate for a mathematical theory of A-twisted gauged linear sigma models is
symplectic vortex invariants [CGS00, CGMiRS02, MiR03, MiRT09, GW13, Zil14] and
their generalizations incorporating potentials [TX, FJR]. Another candidate is quasimap
theory, which is an intersection theory on moduli spaces of maps to the quotient stacks
[W/G]. A review of the latter theory, with historical remarks and extensive references,
can be found in [CFK]. These two approaches should be related by Hitchin–Kobayashi
correspondence for vortices [Bra91, MiR00, VW].
When the gauge group is abelian, quasimap theory as a mathematical theory of A-
twisted gauged linear sigma models goes back to [MP95]. The relation with the Yukawa
coupling of the mirror is formulated as toric residue mirror conjecture in [BM02, BM03]
and proved in [SV04, Bor05, Kar05, SV06].
Quasimap theory in the special case of projective hypersurfaces is also studied in the
insightful paper [Giv95a], where a heuristic relation with semi-infinite homologies of loop
spaces is discussed. This eventually leads to Givental’s proof [Giv96] of classical mirror
symmetry [CdlOGP91] for the quintic 3-fold. This has been extended to toric complete
intersections in [Giv98].
The correlation functions of A-twisted gauged linear sigma models in the cases when
gauge groups are not necessarily abelian are computed in [BZ15, CCP15] using super-
symmetric localization of path integrals. The result is given in terms of Jeffrey–Kirwan
residues, and reproduces the results of [MP95] in abelian cases.
The aim of this paper is twofold. One is to give a brief introduction to quasimap theory
and its relation to other subjects such as instantons and integrable systems. The other
is to formulate Conjecture 10.10, which states that the correlation function defined in
(2.2.4) in terms of residues coincides with the generating function of quasimap invariants
defined in (10.9.3), and prove it for Grassmannians in Section 12. This can be considered
as a generalization of toric residue mirror symmetry to Grassmannians. We also show in
Section 8 that a slightly weakened version of toric residue mirror conjecture follows from
Givental’s mirror theorem.
This paper is organized as follows: In Section 2, we recall the description of correlation
functions of A-twisted gauged linear sigma models given in [BZ15, CCP15]. In Section 3,
we recall the definition of the quasimap spaces Q(Pn−1; d). They are compactifications of
the spaces of holomorphic maps of degrees d from P1 to Pn−1, and play an essential role
in Givental’s homological geometry [Giv95a, Giv95b]. In Section 4, we recall toric residue
mirror symmetry for Calabi–Yau complete intersections in projective spaces. In Section 5,
we discuss quasimap invariants of concave bundles. In Section 6, we recall classical mirror
symmetry for toric hypersurfaces proved in [Giv98]. The exposition in Section 6 follows
[Iri11] closely. In Section 7, we briefly recall the definition of quasimap spaces for toric
varieties due to [MP95]. In Section 8, we show that a slightly weakened version of toric
residue mirror conjecture for CY hypersurfaces follows from classical mirror symmetry. In
Section 9, we recall a theorem of Martin which relates integration on a symplectic quotient
by a compact Lie group to that on the quotient by a maximal torus. In Section 10,
2
we recall the definition of quasimap spaces to GIT quotients, which are called quasimap
graph spaces in [CFK14]. The quasimap spaces come with the universal G-bundle and the
canonical virtual fundamental classes, which allow us to define numerical invariants. We
formulate Conjecture 10.10, which states that correlation functions of A-twisted gauged
linear sigma models given in (2.2.4) are generating functions of quasimap invariants.
There is a natural Gm-action on the quasimap graph space coming from the Gm-action
on the domain curve. There is a distinguished connected component of the fixed locus of
this action, which is used to define the I-function. In Section 11, the quasimap spaces
and the I-functions for Grassmannians are recalled from [BCFK05]. In Section 12, we
prove Conjecture 10.10 for Grassmannians. For this purpose, we introduce abelianized
quasimap spaces for Grassmannians, which allows us to relate quasimap invariants for
Grassmannians with correlations function in (2.2.4). In Section 13, we discuss the relation
between gauged linear sigma models and Bethe ansatz following [NS09]. In Sections 14,
15, and 16, we recall the relations of quasimaps with instantons, monopoles, and vortices
respectively.
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for valuable discussions. We also thank Korea Institute for Advanced Study for financial
support and excellent research environment. K. U. is supported by JSPS KAKENHI
Grant Numbers 24740043, 15KT0105, 16K13743, and 16H03930. B. K. is supported by
the NRF grant 2007-0093859.
2. Correlation functions of A-twisted gauged linear sigma models
2.1. Let G be a reductive algebraic group of rank r, and W be a representation of
G × Gm. The center of G and its Lie algebra will be denoted by Z(G) and z(G). Fix
a maximal torus T of G, and let t be its Lie algebra. The set of roots, its subset of
positive roots, and the Weyl group will be denoted by ∆, ∆+, and W := N(T )/T . Let
W =
⊕N
i=1Wi be the weight space decomposition of W with respect to the action of
T × Gm. The weight of Wi will be denoted by (ρi, ri) ∈ t∨ ⊕ Z, and ri will be called
the R-charge. If W admits an action of another torus H commuting with the action of
G×Gm, then one can introduce the twisted mass λ ∈ h in the theory, which corresponds
to the equivariant parameter for the H-action. The T × Gm × H-weight of Wi will
be denoted by (ρi, ri, νi) ∈ t∨ ⊕ Z ⊕ h∨. We also introduce the complexified Fayet–
Illiopoulos parameter t′ ∈ z∨⊗R C, which corresponds to the complexified Ka¨hler form of
the symplectic quotient. Here, we save the unprimed symbol t for the indeterminate in
the generating function of quasimap invariants (see (3.4.1), (3.11.1), (4.2.4) and (12.7.4)).
For d ∈ t and t′ ∈ z∨, the composition of the surjection z∨ ։ t∨ dual to the inclusion
t →֒ z and the evaluation t∨ × t→ C will be denoted by t′ · d.
2.2. For d ∈ t and x ∈ t, let
Zd(x) := Z
vec
d (x)Z
mat
d (x)(2.2.1)
be the product of
Zvecd (x) :=
∏
α∈∆+
(−1)α(d)+1α2(x)(2.2.2)
and
Zmatd (x) :=
N∏
i=1
(ρi(x) + νi(λ))
ri−ρi(d)−1.(2.2.3)
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Here the superscripts ‘vec’ and ‘mat’ stands for the vector multiplet and the matter
chiral multiplet respectively. According to [BZ15, CCP15], the correlation function of a
W-invariant polynomial P (x) ∈ C[t]W on a 2-sphere is given, up to sign introduced by
hand, by
〈P (x)〉GLSM =
1
|W|
∑
d∈P∨
et
′·d JKc(Zd(x)P (x)).(2.2.4)
Here P ∨ is the coweight lattice of G and JKc is the Jeffrey–Kirwan residue defined in
[SV04, Section 2] (cf. also [BV99]). The cone c ⊂ z∨ is the ample cone of the GIT quotient
determined by the Fayet–Iliopoulos parameter η.
2.3. One can introduce a variable z associated with the background value of an auxiliary
gauge field in the gravity multiplet. This corresponds to the equivariant parameter for
the Gm-action on the domain curve. This turns (2.2.1) into the product
Zd(x; z) := Z
vec
d (x; z)Z
mat
d (x; z)(2.3.1)
of
Zvecd (x; z) :=
∏
α∈∆+
(−1)α(d)+1α(x)α(x+ dz)(2.3.2)
and
Zmatd (x; z) :=
N∏
i=1
∏−1
l=−∞
(
ρi(x) + νi(λ)−
(
l + ri
2
)
z
)∏ρi(d)−ri
l=−∞
(
ρi(x) + νi(λ)−
(
l + ri
2
)
z
) ,(2.3.3)
and the correlation function of P (x) ∈ C[t]W is given by
〈P (x)〉H×GmGLSM =
1
|W|
∑
d∈P∨
et
′·d JKc(Zd(x; z)P (x)).(2.3.4)
2.4. Another quantity of interest is the effective twisted superpotential on the Coulomb
branch, or the effective potential for short. It is defined as the sum
Weff(x; t
′) := WFI(x; t′) +Wvec(x) +Wmat(x)(2.4.1)
of the Fayet-Illiopoulos term
WFI(x; t
′) := t′ · x,(2.4.2)
the vector multiplet term
Wvec(x) := −π
√−1
∑
α∈∆+
α(x),(2.4.3)
and the matter term
Wmat(x) := −
N∑
i=1
(ρi(x) + νi(λ)) (log (ρi(x) + νi(λ))− 1) .(2.4.4)
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3. Quasimap spaces for projective spaces
3.1. A holomorphic map u : P1 → Pn−1 of degree d is given by a collection (ui(z1, z2))ni=1
of n homogeneous polynomials of degree d satisfying the following condition:
There exists no (z1, z2) ∈ A2 \ {0} such that u(z1, z2) = 0 ∈ An.(3.1.1)
Two collections (ui(z1, z2))
n
i=1 and (u
′
i(z1, z2))
n
i=1 define the same map if and only if there
exists α ∈ Gm such that ui(z1, z2) = αu′i(z1, z2) for all i ∈ {1, . . . , n}. It follows that the
space
M(Pn−1; d) := {u : P1 → Pn−1 ∣∣ deg u = d}(3.1.2)
of holomorphic maps of degree d from P1 to Pn−1 can be compactified to the projective
space of dimension n(d+1)−1, whose homogeneous coordinate is given by the coefficients
(aij)i,j of the collection (ui(z1, z2))
n
i=1 of homogeneous polynomials of degree d;
ui(z1, z2) =
d∑
j=0
aijz
i
1z
d−j
2 , i = 1, . . . , n.(3.1.3)
This compacification is called the quasimap space and denoted byQ(Pn−1; d). An element
of the quasimap space is called a quasimap.
3.2. A point [z1 : z2] ∈ P1 is a base point (or singularity) of a quasimap u if u(z1, z2) = 0.
A quasimap is a genuine map outside of the base locus. If the degree of the base locus
is d′, then a quasimap can be considered as a genuine map of degree d− d′. However, it
is more convenient to think of a quasimap as a morphism to the quotient stack [An/Gm].
By definition, a morphism from P1 to [An/Gm] is a principal Gm-bundle P over P
1 and
a Gm-equivariant morphism u˜ : P → An. It is a quasimap if the generic point of P is
mapped to the semi-stable locus An \ {0}.
3.3. Let x ∈ H2(Q(Pn−1; d);Z) be the ample generator of the cohomology ring of
Q(Pn−1; d) ∼= Pn(d+1)−1, so that
H∗(Q(Pn−1; d);Z) ∼= Z[x]/ (xn(d+1)) .(3.3.1)
Given a polynomial P (x) ∈ C[x], we set
〈P (x)〉Pn−1 :=
∞∑
d=0
qd 〈P (x)〉Pn−1,d ∈ C [[q]] ,(3.3.2)
where
〈P (x)〉Pn−1,d :=
∫
Q(Pn−1;d)
P (x)(3.3.3)
is the integration over the quasimap space. It follows from〈
xk
〉
Pn−1,d
=
{
1 k = n(d+ 1)− 1,
0 otherwise
(3.3.4)
that 〈
xk
〉
Pn−1
=
{
qd k = n(d+ 1)− 1 for some d ∈ Z≥0,
0 otherwise.
(3.3.5)
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3.4. If we set G := Gm and W := C
n with the action G×Gm ∋ (α, β) : (w1, . . . , wn) 7→
(αw1, . . . , αwn), then we have Z
vec
d (x) = 1 and Z
mat
d (x) =
(
x−d−1
)n
, so that (2.2.4) gives
the same result as (3.3.5) under the identification
q = et
′
.(3.4.1)
3.5. The small quantum cohomology of Pn−1 is the free C [[q]]-module
QH
(
Pn−1
)
:= H∗
(
Pn−1;C [[q]]
)
(3.5.1)
equipped with multiplication given by
xi ◦ xj :=
n∑
k=0
∞∑
d=0
qd 〈I0,3,d〉(xi, xj , xk) xn−k−1.(3.5.2)
Here
〈I0,3,d〉(a, b, c) :=
∫
[M0,3(Pn−1;d)]virt
ev∗1 a ∪ ev∗2 b ∪ ev∗3 c(3.5.3)
is the 3-point Gromov-Witten invariant. It is an associative commutative deformation of
the classical cohomology ring;
QH
(
Pn−1
)/
(q) ∼= H∗ (Pn−1;C) .(3.5.4)
Since the virtual dimension of the moduli space of stable maps is given by
virt. dimMg,k(X ; d) = (1− g)(dimX − 3) + 〈c1(X), d〉+ k(3.5.5)
in general, one has
virt. dimM0,3
(
Pn−1; d
)
= nd+ n− 1.(3.5.6)
The 3-point Gromov-Witten invariant in (3.5.2) is non-zero only if
virt. dimM0,3
(
Pn−1; d
)
= i+ j + k.(3.5.7)
Since 0 ≤ i, j, k ≤ n − 1, one has (3.5.7) only if d = 0, i + j + k = n − 1 or d = 1,
i+ j+k = 2n−1. This shows that xi ◦xj = xi+j for i+ j ≤ n−1. Since there is a unique
line passing through two points on Pn−1 in general position, and this line intersects a
hyperplane at one point, one has x ◦ xn−1 = q. Hence the ring structure of the quantum
cohomology of Pn−1 is given by
QH
(
Pn−1
) ∼= (C [[q]]) [x]/ (xn − q) .(3.5.8)
We write the ring homomorphism C[x]→ QH(Pn−1) sending x to x as P (x) 7→ P˚ (x).
Theorem 3.6. For any P (x) ∈ C[x], one has
〈P (x)〉Pn−1 =
∫
Pn−1
P˚ (x).(3.6.1)
Proof. Since both sides of (3.6.1) is linear in P (x) ∈ C[x], it suffices to show〈
xk
〉
Pn−1
=
∫
Pn−1
x◦k(3.6.2)
for any k ∈ N, which is obvious from (3.3.5) and (3.5.8). 
Theorem 3.6 is equivalent to the Vafa-Intriligator formula [Vaf91, Int91]:
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Corollary 3.7 (Vafa-Intriligator formula for projective spaces). For any P (x) ∈ C[x],
one has ∫
Pn−1
P˚ (x) =
1
n
∑
λn=q
P (λ)
λn−1
,(3.7.1)
where the sum is over λ ∈ C [[q1/n]] satisfying λn = q.
Proof. Since the integration over the projective space can be written by residue as∫
Pr−1
xk = δr−1,k = Res
xkdx
xr
,(3.7.2)
one has ∫
Pn−1
P˚ (x) = 〈P (x)〉
Pn−1
(3.7.3)
=
∞∑
d=0
qd
∫
Q(Pn−1;d)
P (x)(3.7.4)
=
∞∑
d=0
qdRes
P (x)dx
xn(d+1)
(3.7.5)
= Res
x−nP (x)
1− qx−n(3.7.6)
= Res
P (x)
xn − q(3.7.7)
=
1
n
∑
λn=q
P (λ)
λn−1
,(3.7.8)
and (3.7.1) is proved. 
3.8. The projective space Pn−1 has a natural action of GLn, which restricts to the action
of the diagonal maximal torus H . The equivariant cohomology is defined as the ordinary
cohomology H∗H(P
n−1) := H∗(Pn−1H ) of the Borel construction P
n−1
H := P
n−1×HEH, where
EH is the product of n copies of the total space of the tautological bundle OP∞(−1)
over BGm = P
∞. It follows that Pn−1H is the projectivization P(E) of the vector bundle
E := ⊕ni=1 π∗iOP∞(−1) of rank n over (P∞)n. A standard result on the cohomology of
a projective bundle (see e.g. [GH78, page 606]) shows that H∗(Pn−1H ) is generated over
H∗H(pt) = H
∗ ((P∞)n) ∼= C[λ1, . . . , λn] by x := −c1(OP(E)(−1)) with one relation
(−x)n − c1(E)(−x)n−1 + c2(E)(−x)n−2 + · · ·+ cn(E) = 0.(3.8.1)
Since ci(E) = (−1)iσi(λ1, . . . , λn), one obtains
H∗H(P
n−1) ∼= C[x, λ1, . . . , λn]
/
n∏
i=1
(x− λi) .(3.8.2)
The H-fixed locus (Pn−1)H consists of n points {pi}i=1, where pi is the point [z1 : · · · :
zn] ∈ Pn−1 with zi = 1 and zj = 0 for i 6= j. Since the tautological bundle OP(E)(−1)
restricts to π−1i OP∞(−1) on (pi)T = (P∞)n, one has
ι∗ix = λi.(3.8.3)
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The push-forward ∫ H
Pn−1
: H∗H(P
n−1)→ H∗H(pt) ∼= C[λ1, . . . , λn](3.8.4)
along the natural map (Pn−1)H → (pt)H ∼= BH is called the equivariant integration. The
localization theorem [AB84] shows∫ H
Pn−1
P (x) =
n∑
i=1
ι∗iP (x)
EulH(Npi/Pn−1)
(3.8.5)
=
n∑
i=1
P (λi)∏
j 6=i(λi − λj)
= Res
P (x)dx∏n
i=1(x− λi)
for any P (x) ∈ H∗H(Pn−1).
3.9. The quasimap space Q(Pn−1; d) has a natural action of H ×Gm given by
H ×Gm ∋ (α1, . . . , αn, β) : (ui(z1, z2))ni=1 7→ (αiui(u, βv))ni=1 .(3.9.1)
The equivariant cohomology of Q(Pn−1; d) with respect to this torus action is given by
H∗H×Gm(Q(P
n−1; d);C) ∼= C[x, λ1, . . . , λn, z]
/(
n∏
i=1
d∏
j=0
(x− λi − jz)
)
.(3.9.2)
The H ×Gm-equivariant integration
〈−〉H×GmPn−1,d : H∗H×Gm(Q(Pn−1; d);C)→ H∗(B(H ×Gm);C)(3.9.3)
is given by
〈P (x)〉H×GmPn−1,d = Res
P (x)dx∏n
i=1
∏d
j=0(x− λi − jz)
(3.9.4)
=
n∑
i=1
d∑
j=0
P (λi + jz)∏
(k,l)6=(i,j)((λi + jz)− (λk + lz))
.(3.9.5)
The H ×Gm-equivariant correlator is given by
〈P (x)〉H×GmPn−1 :=
∞∑
d=0
qd 〈P (x)〉H×GmPn−1,d .(3.9.6)
The H-equivariant correlator 〈P (x)〉HPn−1 and the Gm-equivariant correlator 〈P (x)〉GmPn−1
are obtained by setting z = 0 and λ = (λ1, . . . , λn) = 0 respectively.
3.10. The fixed point of the Gm-action on Q(P
n−1; d) is the disjoint union
Q(Pn−1; d)Gm =
d∐
i=0
Q(Pn−1; d)Gmi(3.10.1)
of d+ 1 connected components
Q(Pn−1; d)Gmi :=
{
[a1z
i
1z
d−i
2 , . . . , anz
i
1z
d−i
2 ] ∈ Q(Pn−1; d)
∣∣ [a1, . . . , an] ∈ Pn−1} .(3.10.2)
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Each of these connected components is isomorphic to Pn−1, and the base locus is i0+(d−
i)∞. The connected component Q(Pn−1; d)Gm0 will be denoted by Q•(P
n−1; d). There is
a natural map ev : Q•(P
n−1; d)→ Pn−1 called the evaluation map, and one has
Q(Pn−1; d)Gm ∼=
∐
d1+d2=d
Q•(P
n−1; d1)×Pn−1 Q•(Pn−1; d2).(3.10.3)
The normal bundle of Q•(P
n−1; d) in Q(Pn−1; d) is given by OPn−1(1)⊕nd, whose equivari-
ant Euler class is given by
EulH×Gm
(
NQ
•(P
n−1;d)/Q(Pn−1;d)
)
=
n∏
i=1
d∏
l=1
(x− λi + lz) .(3.10.4)
The equivariant I-function is defined by
IHPn−1(t; z) := e
tx/z
∞∑
d=0
edtIHd(3.10.5)
where
IHd (z) := ev∗
(
1
EulH×Gm
(
NQ•(Pn−1;d)/Q(Pn−1;d)
))(3.10.6)
=
1∏n
i=1
∏d
l=1 (x− λi + lz)
.(3.10.7)
The non-equivariant I-function is defined similarly, and given by setting λ = 0 in (3.10.5);
IPn−1(t; z) := e
tx/z
∞∑
d=0
edt∏d
l=1 (x+ lz)
n
.(3.10.8)
3.11. Let (C [[et]]) [t] be the polynomial ring in t with the ring C [[et]] of formal power
series in et as a coefficient. The equivariant I-function in (3.10.5) is an element of
H∗H (P
n−1;C) ⊗C (C [[et]]) [t], and the variable t is related to the variable q appearing
in the correlator by
q = et.(3.11.1)
The equivariant I-function can also be considered as a H∗H (P
n−1;C)-valued analytic func-
tion, which is multi-valued as a function of q and single-valued as a function of t = log q.
3.12. There is a Gm-equivariant evaluation map ev0 : Q(P
n−1; d) → [Cn/Gm] at the
point 0 ∈ P1. By abuse of notation, we also let x denote the Gm-equivariant Euler class
of the line bundle ev∗0(O[Cn/Gm](1)). Here O[Cn/Gm](1) is the line bundle [(Cn×C)/Gm] on
the quotient stack with weights ((1, . . . , 1), 1).
Let ιi : Q(P
n−1; d)Gmi → Q(Pn−1; d) be the inclusion of the i-th connected component
(3.10.2). Since ι∗i (x) = x+ iz (under the identification Q(P
n−1; d)Gmi = P
n−1) and
1
EulGm
(
N
Q(Pn−1;d)Gmi /Q(P
n−1;d)
) = Ii(z) ∪ Id−i(−z),(3.12.1)
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localization with respect to the Gm-action shows that
∞∑
d=0
edτ
〈
e(t−τ)x/z
〉Gm
Pn−1,d
=
∞∑
d=0
edτ
d∑
i=0
∫
Q(Pn−1;d)Gmi
ι∗i
(
e(t−τ)x/z
)
EulGm
(
N
Q(Pn−1;d)Gmi /Q(P
n−1;d)
)
=
∞∑
d=0
edτ
d∑
i=0
∫
Pn−1
e(t−τ)(x+iz)/z ∪ Ii(z) ∪ Id−i(−z)
=
∞∑
d=0
d∑
i=0
∫
Pn−1
etx/zetiIi(z) ∪ e−τx/ze(d−i)τId−i(−z)
=
∫
Pn−1
IPn−1(t; z) ∪ IPn−1(τ ;−z).
The factorization of the H ×Gm-equivariant correlator is proved similarly as
∞∑
d=0
edτ
〈
e(t−τ)x/z
〉H×Gm
Pn−1,d
=
∞∑
d=0
Res
edτe(t−τ)x/zdx∏n
i=1
∏d
l=0(x− λi − lz)
=
∞∑
d=0
d∑
m=0
n∑
j=1
Resx=λj+mz
edτe(t−τ)x/zdx∏n
i=1
∏d
l=0(x− λi − lz)
=
∞∑
d=0
d∑
m=0
n∑
j=1
Resx=λj
edτe(t−τ)x/ze(t−τ)mdx∏n
i=1
∏d
l=0(x− λi − (l −m)z)
=
∞∑
d=0
d∑
m=0
n∑
j=1
Resx=λj
etx/zemt∏n
i=1
∏m
l=1(x− λi + lz)
e−τx/ze(d−m)τ∏n
i=1
∏d−m
l=1 (x− λi − lz)
dx∏n
i=1(x− λi)
=
∞∑
d=0
∞∑
d′=0
n∑
j=1
Resx=λj
etx/zedt∏n
i=1
∏d
l=1(x− λi + lz)
e−τx/zed
′τ∏n
i=1
∏d′
l=1(x− λi − lz)
dx∏n
i=1(x− λi)
=
∫ H
Pn−1
IHPn−1(t; z) ∪ IHPn−1(τ ;−z).
This can also be regarded as a purely combinatorial proof.
3.13. Let ev : M0,1(Pn−1; d) → Pn−1 be the evaluation map from the moduli space of
stable maps of genus 0 and degree d with 1 marked point, and ψ be the first Chern class
of the line bundle over M0,1(Pn−1; d) whose fiber at a stable map ϕ : (C, x) → Pn−1 is
the cotangent line T ∗xC at the marked point. The equivariant J-function [Giv96] is a
H∗(Pn−1;C)-valued hypergeometric series given by
JHPn−1(t; z) := e
tx/z
∞∑
d=0
edtJd(3.13.1)
where
Jd := ev∗
(
1
z(z− ψ)
)
.(3.13.2)
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3.14. The graph space is defined by G(Pn−1; d) :=M0,0(Pn−1×P1; (d, 1)). The source of
any map ϕ : C → Pn−1 in G(Pn−1; d) has a distinguished irreducible component C1 which
maps isomorphically to P1. Let G(Pn−1; d)0 be the open subspace of G(Pn−1; d) consisting
of stable maps without irreducible components mapping constantly to 0 ∈ P1. There is a
map ev0 : G(P
n−1; d)0 → Pn−1 sending ϕ : C → Pn−1× P1 to pr1 ◦ϕ
(
(pr2 ◦ϕ)−1 (0)
)
. The
fixed locus of the natural Gm-action on G(P
n−1; d)0 can be identified withM0,1(Pn−1; d).
Since the natural morphism G(Pn−1; d)0 → Q(Pn−1; d)0 is a Gm-equivariant birational
morphism which commutes with the evaluation maps, the push-forwards Id and Jd of 1 by
ev0 : G(P
n−1; d)0 → Pn−1 and ev : Q(Pn−1; d)0 → Pn−1 are equal, and hence IPn−1(t; z) =
JPn−1(t; z).
3.15. The effective potential (2.4.1) is given by
Weff(x; t) = tx−
n∑
i=1
(x− λi) (log (x− λi)− 1) .(3.15.1)
One can easily see
∂Weff
∂x
= t−
n∑
i=1
log(x− λi),(3.15.2)
e∂xWeff = q
n∏
i=1
(x− λi)−1,(3.15.3)
so that
〈P (x)〉HPn−1 = Res
P (x)dx∏n
i=1(x− λi)(1− e∂xWeff )
.(3.15.4)
Note that the equation
e∂xWeff = 1(3.15.5)
gives the relation
n∏
i=1
(x− λi) = q(3.15.6)
in the equivariant quantum cohomology of Pn−1.
4. Projective complete intersections
4.1. Let f1(w1, . . . , wn), . . . , fr(w1, . . . , wn) ∈ C[w1, . . . , wn] be homogeneous polynomi-
als of degrees l1, . . . , lr satisfying the Calabi–Yau condition
l1 + · · ·+ lr = n.(4.1.1)
Assume that f1, . . . , fr are sufficiently general so that
Y :=
{
[w1, · · · , wn] ∈ Pn−1
∣∣ f1(w1, . . . , wn) = · · · = fr(w1, . . . , wn) = 0}(4.1.2)
is a smooth complete intersection of dimension n− r − 1, whose Poincare´ dual is
v :=
r∏
i=1
(lix).(4.1.3)
11
Define the quasimap spaceQ(Y ; d) as the subset ofQ(Pn−1; d) consisting of [ϕ1(z1, z2), . . . , ϕn(z1, z2)]
satisfying
fi(ϕ1(z1, z2), . . . , ϕn(z1, z2)) = 0 ∈ C[z1, z2] for any i ∈ {1, . . . , r}.(4.1.4)
Since fi(ϕ1(z1, z2), . . . , ϕn(z1, z2)) ∈ C[z1, z2] is a homogeneous polynomial of degree dli
in z1 and z2, it contains dli + 1 terms, each of which is a homogeneous polynomial of
degree li in (akl)k,l. With this in mind, the Morrison-Plesser class is defined by
Φ(Y ; d) :=
r∏
i=1
(lix)
lid ∈ H∗(Q(Pn−1; d);Z),(4.1.5)
so that Φ(Y ; d) ∪ v is the Poincare´ dual of [Q(Y ; d)]virt ∈ H∗(Q(Pn−1; d);Z). If we set
〈P (x)〉Y,d :=
∫
Q(Pn−1;d)
P (x) ∪ Φ(Y ; d) ∪ v(4.1.6)
and
〈P (x)〉Y :=
∞∑
d=0
qd 〈P (x)〉Y,d(4.1.7)
for P (x) ∈ C[x], then we have
〈
xn−r−1
〉
Y
=
∞∑
d=0
qdRes
xn−r−1Φ(Y, d)vdx
xn(d+1)
(4.1.8)
=
∞∑
d=0
qdRes
xn−r−1
∏r
i=1(lix)
lid+1dx
xn(d+1)
(4.1.9)
=
∞∑
d=0
qd
r∏
i=1
(li)
lid+1(4.1.10)
=
∏r
i=1 li
1− q∏ri=1(li)li .(4.1.11)
4.2. The gauged linear sigma model for Y is obtained from the gauged linear sigma
model for Pn−1 by adding r fields of G = Gm-charge −l1, . . . ,−lr and R-charge 2. One
has Zvecd (x) = 1 and Z
mat
d (x) =
(
x−d−1
)n ·∏ri=1 (−lix)lid+1 in this case, so that (2.2.4)
gives
∞∑
d=0
et
′dRes
(
x−d−1
)n r∏
i=1
(−lix)lid+1 xn−r−1 =
∞∑
d=0
et
′d
r∏
i=1
(−li)lid+1(4.2.1)
=
∞∑
d=0
(−1)
∑r
i=1 lid et
′d
r∏
i=1
(li)
lid+1(4.2.2)
=
∞∑
d=0
(
(−1)n et′
)d r∏
i=1
(li)
lid+1 ,(4.2.3)
which coincides with (4.1.8) under the identification
q = (−1)net′ .(4.2.4)
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4.3. The mirror Yˇ of Y is a compactification of a complete intersection in Cn defined
by
fˇ1 := 1− (a1yˇ1 + · · ·+ al1 yˇl1),(4.3.1)
fˇ2 := 1− (al1+1yˇl1+1 + · · ·+ al1+l2 yˇl1+l2),(4.3.2)
...(4.3.3)
fˇr := 1− (al1+···+li−1+1yˇl1+···+li−1+1 + · · ·+ anyˇn),(4.3.4)
fˇ0 := yˇ1 · · · yˇn − 1.(4.3.5)
The complex structure of Yˇ depends not on indivisual ai but only on α = a1 · · · an. The
Yukawa (n-2)-point function is defined by
Y(α) := (−1)
(n−1)(n−2)/2(
2π
√−1)n−1
∫
Yˇ
Ω ∧
(
α
∂
∂α
)n−2
Ω,(4.3.6)
where
Ω := Res
(
dyˇ1 ∧ · · · ∧ dyˇn
fˇ0fˇ1 · · · fˇr
)
(4.3.7)
is the holomorphic volume form on Yˇ . The computation in [BvS95, Proposition 5.1.2]
shows
Y(α) =
∏r
i=1 li
1− α∏ri=1(li)li ,(4.3.8)
which coincides with (4.1.11) under the identification q = α of variables;
Y(α) = 〈xn−r−1〉
Y
∣∣
q=α
.(4.3.9)
(4.3.9) and its generalization to toric complete intersections is toric residue mirror sym-
metry conjectured in [BM02, BM03] and proved in [SV04, Bor05, Kar05, SV06].
5. Concave bundles on projective spaces
5.1. Let l1, l2, · · · , lr be positive integers and
Y := SpecPn−1 (Sym∗ E∨)(5.1.1)
be the total space of the vector bundle associated with the locally free sheaf
E := OPn−1(−l1)⊕ · · · ⊕ OPn−1(−lr)(5.1.2)
on Pn−1. Since any holomorphic map from P1 to Y of positive degree d factors through
the zero-section Pn−1 → Y , we define the quasimap space to Y as
Q(Y ; d) := Q(Pn−1; d).(5.1.3)
5.2. To equip Q(Y ; d) with a natural perfect obstruction theory, we think of Q(Y ; d) as
the moduli space of morphisms P1 → [(An × Ar) /Gm] , where the Gm-action on An ×Ar
is given by
(α, (x1, . . . , xn, z1, . . . , zr)) 7→ (αx1, . . . , αxn, α−l1z1, . . . , α−lrzr).(5.2.1)
A morphism P1 → [(An × Ar) /Gm] consists of a line bundle L on P1 and sections(
(ϕi)
n
i=1, (ψj)
r
j=1
) ∈ ((H0(L))n × r∏
j=1
H0
(L⊗(−lj))) .(5.2.2)
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The degree of the morphism is defined as the degree of L.
5.3. Since the deformation and obstruction spaces for a section of a fixed line bundle
are its zeroth and first cohomology groups respectively, the natural obstruction theory
for Q(Y ; d) relative to the classifying stack BGm is given by
Erel := (Rπ∗ ev∗[An × An × Ar/Gm])∨ ,(5.3.1)
where [An×An×Ar/Gm] is the vector bundle on [An/Gm], the Gm-action on An×An×Ar
is given by
(5.3.2) (α, (x1, . . . , xn, y1, . . . , yn, z1, . . . , zr))
7→ (αx1, . . . , αxn, αy1, . . . , αyn, α−l1z1, . . . , α−lrzr),
the evaluation map
ev : Q(Pn−1; d)× P1 → [An/Gm](5.3.3)
is defined by
([ϕ1, · · · , ϕn], [z1, z2]) 7→ [ϕ1(z1, z2), · · · , ϕn(z1, z2)] ,(5.3.4)
and
π : Q(Pn−1; d)× P1 → Q(Pn−1; d)(5.3.5)
is the first projection.
5.4. Under the identification Q(Pn−1; d) ∼= Pn(d+1)−1, one has
(5.4.1) ev∗[An × An × Ar/Gm] ∼=
n⊕
i=1
OPn(d+1)−1(1)⊠OP1(d)
⊕
r⊕
i=1
OPn(d+1)−1(−li)⊠OP1(−lid).
Since π is smooth of relative dimension 1, the complex E∨rel (and hence Erel) is perfect of
perfect amplitude 2. The cohomology sheaves of E∨rel are given by
H0((Erel)∨) ∼= (OPn(d+1)−1(1)⊗H0(P1,OP1(d)))⊕n(5.4.2)
∼= OPn(d+1)−1(1)⊕n(d+1)(5.4.3)
and
H1((Erel)∨) ∼=
r⊕
i=1
OPn(d+1)−1(−li)⊗H1(P1,OP1(−lid)).(5.4.4)
5.5. The corresponding absolute obstruction theory is given by
Eabs := (fgt
∗ TBGm [−1]→ (Erel)∨)∨,(5.5.1)
where TBGm be the tangent complex of BGm and fgt : Q(Y ; d) → BGm is the forgetful
morphism.
The exact triangle
Tp → TSpecC → p∗TBGm → Tp[1](5.5.2)
associated with the morphism p : SpecC→ BGm := [SpecC/Gm] gives an isomorphism
p∗TBGm ∼= Tp[1],(5.5.3)
14
where Tp is the relative tangent complex of p. In order to compute Tp, consider the base
change
pSpecC : SpecC×BGm SpecC ∼= Gm → SpecC(5.5.4)
and the unit morphism e : SpecC→ Gm. Then one has
Tp ∼= (pSpecC ◦ e)∗Tp(5.5.5)
∼= e∗(p∗SpecCTp)(5.5.6)
∼= e∗(TGm)(5.5.7)
∼= C,(5.5.8)
where the third equivalence comes from base change property and the last C denotes the
Lie algebra of Gm. Hence one has
p∗TBGm ∼= C[1].(5.5.9)
In general, by the same method, one can see that the pull-back to X of the tangent
complex of the quotient stack [X/G] is the complex
OX ⊗ g→ TX ,(5.5.10)
where g is the Lie algebra of G.
Since fgt factors through p, we have
fgt∗ TBGm ∼= OQ(Y ;d)[1].(5.5.11)
5.6. The exact triangle
fgt∗ TBGm [−1]→ E∨rel → E∨abs → fgt∗ TBGm(5.6.1)
gives a short exact sequence
0→ H0(fgt∗ TBGm [−1])→ H0(E∨rel)→ H0(E∨abs)→ 0(5.6.2)
and an isomorphism
H1(E∨abs) ∼= H1(E∨rel).(5.6.3)
(5.6.2) can be identified with the Euler sequence on Pn(d+1)−1 ∼= Q(Y ; d), so that
H0(E∨abs) ∼= TQ(Y ;d).(5.6.4)
5.7. By [BF97, Proposition 5.6], the perfect obstruction theory Eabs leads to the virtual
fundamental class
[Q(Y ; d)]virt = [Q(Y ; d)] ∩ Eul (R1π∗ ev∗[An × Ar/Gm]) ,(5.7.1)
where [An × Ar/Gm] is the vector bundle on [An/Gm] and the Gm-action on An × Ar is
given by
(α, (x1, · · · , xn, y1, · · · , yr)) 7→ (αx1, · · · , αxn, α−l1y1, · · · , α−lryr).(5.7.2)
Under the identification Q(Pn−1; d) ∼= Pn(d+1)−1, one has
ev∗ [An × Ar/Gm] ∼=
r⊕
i=1
OPn(d+1)−1(−li)⊠OP1(−lid),(5.7.3)
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so that
R1π∗ ev∗ [An × Ar/Gm] ∼= R1π∗
(
r⊕
i=1
OPn(d+1)−1(−li)⊠OP1(−lid)
)
(5.7.4)
∼=
r⊕
i=1
OPn(d+1)−1(−li)⊗H1(P1,OP1(−lid)).(5.7.5)
Since
h1(P1,OP1(−lid)) = lid− 1,(5.7.6)
one has
Eul
(
R1π∗ ev∗ [An × Ar/Gm]
)
=
r∏
i=1
(−lix)lid−1.(5.7.7)
When the degree is zero, the quasimap space Q(Y ; 0) is naturally isomorphic to Y
equipped with the trivial perfect obstruction theory, so that
[Q(Y ; 0)]virt = [Y ].(5.7.8)
For any P (x) ∈ C[x], we define
〈P (x)〉Y,d :=
∫
[Q(Y ;d)]virt
P (x)(5.7.9)
and
〈P (x)〉Y :=
∞∑
d=0
qd 〈P (x)〉Y,d .(5.7.10)
It follows that
〈P (x)〉Y =
∞∑
d=0
qk
∫
Pn(d+1)−1
P (x)
r∏
i=1
(−lix)lid−1(5.7.11)
=
∞∑
d=0
qk Res
P (x)
∏r
i=1(−lix)lid
xn(d+1)
∏r
i=1(−lix)
.(5.7.12)
5.8. The gauged linear sigma model for Y is obtained from the gauged linear sigma
model for Pn−1 by adding r fields of G = Gm-charge −l1, . . . ,−lr and R-charge 0. One
has Zvecd (x) = 1 and Z
mat
d (x) =
(
x−d−1
)n ·∏ri=1 (−lix)lid−1 in this case, so that (2.2.4)
gives
〈P (x)〉GLSM =
∞∑
d=0
et
′dRes
(
x−d−1
)n r∏
i=1
(−lix)lid+1 P (x),(5.8.1)
which coincides with (5.7.12) under the identification
q = et
′
.(5.8.2)
16
5.9. If (l1, . . . , lr) satisfies the Calabi–Yau condition
l1 + · · ·+ lr = n,(5.9.1)
then (5.7.12) gives
〈
xk
〉
Y
=

1
(
∏r
i=1(−li)) (1− q
∏r
i=1(−li)li)
k = n+ r,
0 otherwise,
(5.9.2)
which matches the Yukawa coupling of the mirror (see e.g. [KM10, Example 6.15]).
6. Classical mirror symmetry for toric hypersurfaces
6.1. Let N := Zn be a free abelian group of rank n and M := Nˇ := Hom(N ,Z) be the
dual group. Let further (∆, ∆ˇ) be a polar dual pair of reflexive polytopes in M and N .
6.2. Recall that the fan polytope of a fan is defined as the convex hull of primitive
generators of one-dimensional cones. Let (Σ, Σˇ) be a pair of smooth projective fans
whose fan polytopes are ∆ˇ and ∆. The associated toric varieties will be denoted by
X := XΣ and Xˇ := XΣˇ.
6.3. The set of primitive generators of one-dimensional cones of the fan Σ will be denoted
by
B := {b1, . . . , bm} ⊂ N .(6.3.1)
Assume that B generates N . One has the fan sequence
0→ L→ Zm b−→N → 0(6.3.2)
and the divisor sequence
0→M b∨−→ Zm −→ Lˇ→ 0,(6.3.3)
where b sends the ith coordinate vector ei ∈ Zm to bi. Recall that
Lˇ ∼= Pic(X) ∼= H2(X ;Z), Eff(X) ⊂ L ⊂ Zm,(6.3.4)
where Eff(X) denotes the semigroup of the effective curves (see [BM02, §3]). We write
the group ring of M as C[M ] and define T := NGm := SpecC[M ]. We also set Tˇ :=
SpecC[N ] and Lˇ := SpecC[L]. The fan sequence induces the exact sequences
1→ L χ−→ (Gm)m → T→ 1(6.3.5)
and
1→ Tˇ→ (Gm)m → Lˇ→ 1(6.3.6)
of algebraic tori. We write the i-th components of the map χ : L → (Gm)m in (6.3.5) as
χi, and the affine line A
1 equipped with the action of L through χi as Ai. Then one has
X ∼=
(
m∏
i=1
Ai
)
/ θ L(6.3.7)
for a suitable choice of a character θ ∈ Lˇ ∼= Hom(L,Gm).
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6.4. We define a graded ring S∆ :=
⊕∞
k=0 S
k
∆ by
Sk∆ :=
⊕
m∈M∩(k∆)
C · yk0ym,(6.4.1)
which is a subalgebra of the semigroup ring
C[N×M ] = C[y0,y±1] := C[y0, y±11 , . . . , y±1n ](6.4.2)
of N ×M . It is the anti-canonical ring of X , so that one has X ∼= ProjS∆ if and only
if X is Fano. The ring S∆ is Cohen-Macaulay with the dualizing module I∆ :=
⊕∞
k=0 I
k
∆
given by
Ik∆ :=
⊕
m∈M∩Int(k∆)
C · yk0ym,(6.4.3)
where Int(k∆) is the interior of k∆.
6.5. For α = (α1, . . . , αm) ∈ (Gm)m (this (Gm)m can be naturally considered as the dual
torus of the big torus of XΣ), we define an element of the group ring C[N ] by
Wˇα(yˇ) :=
m∑
i=1
αiyˇ
bi ∈ C[N ].(6.5.1)
An element fˇ ∈ C[N ] is said to be ∆ˇ-regular if
Fˇ := (Fˇ0, Fˇ1, . . . , Fˇn) :=
(
yˇ0fˇ , yˇ0yˇ1∂yˇ1 fˇ , . . . , yˇ0yˇn∂yˇn fˇ
)
(6.5.2)
is a regular sequence in S∆ˇ. We write
((Gm)
m)reg :=
{
α ∈ (Gm)m
∣∣ fˇα := 1− Wˇα(yˇ) is ∆ˇ-regular} .(6.5.3)
6.6. Let ˜ˇϕ : ˜ˇY→ ((Gm)m)reg be the second projection from
˜ˇ
Y =
{
(yˇ,α) ∈ Tˇ× ((Gm)m)reg | Wˇα(yˇ) = 1
}
.(6.6.1)
Assume that X is Fano. Any fiber Yˇα := ˜ˇϕ−1(α) is an uncompactified mirror of a general
anti-canonical hypersurface Y ⊂ X . The closure of Yˇα in Xˇ is a smooth anti-canonical
Calabi–Yau hypersurface, which is the compact mirror of Y . The quotient of the family˜ˇϕ : ˜ˇY→ ((Gm)m)reg by the free Tˇ-action
Tˇ ∋ yˇ : (yˇ′, (α1, . . . , αm)) 7→
(
yˇ−1yˇ′,
(
yˇb1α1, . . . , yˇ
bmαm
))
(6.6.2)
will be denoted by ϕˇ : Yˇ→ Lˇreg, where Lˇreg := ((Gm)m)reg /Tˇ.
6.7. Choose an integral basis p1, . . . ,pr of Lˇ
∼= PicX such that each pi is nef. This gives
the corresponding coordinate q = (q1, . . . , qr) on Lˇ. Let Uˇ
′ ⊂ Lˇreg be a neighborhood of
q1 = · · · = qr = 0, and Uˇ be the universal cover of Uˇ ′.
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6.8. We write the image of the Poincare´ residue as
Hn−1res (Yˇα) := Im
(
Res : H0
(
Xˇ,ΩnXˇ
(∗Yˇα))→ Hn−1 (Yˇα)) .(6.8.1)
Let HB be the pull-back to Uˇ of the local system gr
W
n−1R
n−1ϕˇ!CYˇ on Uˇ
′, and HresB be
the sub-system with stalks Hn−1res (Yˇα). The residual B-model VHS (HB,∇B,F •B, QB) on
Uˇ consists of the locally free sheaf HB := HresB ⊗C OUˇ , the Gauss–Manin connection ∇B,
the Hodge filtration F •B, and the polarization QB : HB ⊗OUˇ HB → OUˇ given by
QB(ω1, ω2) := (−1)(n−1)(n−2)/2
∫
Yˇα
ω1 ∪ ω2.(6.8.2)
6.9. On the A-model side, let
H•amb(Y ;C) := Im(ι
∗ : H•(X ;C)→ H•(Y ;C))(6.9.1)
be the subspace of H•(Y ;C) coming from the cohomology classes of the ambient toric
variety, and set
U :=
{
τ = β +
√−1ω ∈ H2amb(Y ;C)
∣∣ 〈ω,d〉 ≫ 0 for any non-zero d ∈ Eff(Y )} ,(6.9.2)
where Eff(Y ) is the semigroup of effective curves. This open subset U is considered as a
neighborhood of the large radius limit point. Let (τi)
r
i=1 be the coordinate on H
2
amb(Y ;C)
dual to the basis {pi}ri=1 so that τ =
∑r
i=1 τipi.
6.10. The ambient A-model VHS (HA,∇A,F •A, QA) consists ([Iri11, Definition 6.2], cf.
also [CK99, Section 8.5]) of the locally free sheaf HA = H•amb(Y ;C)⊗COU , the connection
∇A = d+
r∑
i=1
(pi◦τ ) dτ i : HA →HA ⊗ Ω1U ,(6.10.1)
the Hodge filtration
F
p
A := H
≤2(n−1−p)
amb (Y ;C)⊗C OU ,(6.10.2)
and the pairing
QA : HA ⊗OU HA → OU , (α, β) 7→ (2π
√−1)n−1
∫
Y
(−1)degα/2α ∪ β,(6.10.3)
which is (−1)n−1-symmetric and ∇A-flat. Let LY (τ ) be the fundamental solution of the
quantum differential equation, that is, the End(H•amb(Y ;C))-valued functions satisfying
∇ALY (τ ) = 0 and LY (τ ) = id+O(eτ , τ ).(6.10.4)
6.11. Let ui ∈ H2amb(Y ;Z) be the first Chern class of the line bundle on Y corresponding
to the one-dimensional cone R≥0 · bi ∈ Σ and v = u1+ · · ·+um be the restriction of the
anti-canonical class of X . Denote t :=
∑r
i=1 tipi. Givental’s I-function is defined as the
series
IY (t; z) = e
t/z
∑
d∈Eff(X)
ed·t
∏〈d,v〉
k=−∞(v + kz)
∏m
j=1
∏0
k=−∞(uj + kz)∏0
k=−∞(v + kz)
∏m
j=1
∏〈d,uj〉
k=−∞(uj + kz)
,(6.11.1)
which is a multi-valued map from Uˇ ′ (or a single-valued map from Uˇ) to the classical
cohomology group H•amb(Y ;C[z
−1]). The J-function is defined by
JY (τ ; z) = LY (τ , z)
−1(1).(6.11.2)
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If we write
IY (t; z) = F (t)1+
G(t)
z
+O(z−2),(6.11.3)
then Givental’s mirror theorem [Giv98] states that
IY (t; z) = F (t) · JY (ς(t); z),(6.11.4)
where the mirror map ς(t) : Uˇ → H2amb(Y ;C) is defined by
ς(t) = ι∗
(
G(t)
F (t)
)
.(6.11.5)
The relation between τ = ς(t) and σ = β +
√−1ω is given by τ = 2π√−1σ, so
that Im(σ) ≫ 0 corresponds to exp(τ ) ∼ 0. The functions F (t) and G(t) satisfy the
Picard–Fuchs equations, and give periods for the B-model VHS (HB,∇B,F •B, QB).
6.12. (6.11.4) implies the existence of an isomorphism
MirY : ς∗(HA,∇A,F •A, QA) ∼−→ (HB,∇B,F •B, QB)(6.12.1)
of variations of polarized Hodge structures, which sends F (t)1 on the left-hand side to
Ω := Res
(
1
fˇα
dyˇ1
yˇ1
∧ · · · ∧ dyˇn
yˇn
)
(6.12.2)
on the right-hand side. A stronger statement, which gives an isomorphism of the Γ̂-
integral structure on the A-side and the natural integral structure on the B-side, is proved
in [Iri11, Theorem 6.9].
7. Quasimap spaces for toric varieties
7.1. For d ∈ Eff(X) and i ∈ {1, . . . , m}, we set
ki :=
{
〈ui,d〉 〈ui,d〉 ≥ 0,
−1 〈ui,d〉 < 0.
(7.1.1)
and define the quasimap space of degree d by
Xd :=
(
m∏
i=1
A
ki+1
i
)
/ θ L(7.1.2)
with (6.3.7) in mind. The first Chern class of the line bundle on Xd associated with the
character χi of L will also be denoted by ui by abuse of notation. The Morrison–Plesser
class is defined by
Φd := (u1 + · · ·+ um)〈u1+···+um,d〉
∏
〈ui,d〉<0
u
−〈ui,d〉−1
i .(7.1.3)
For a polynomial P (α1, . . . , αm) ∈ C[α1, . . . , αm], we set
〈P (u1, . . . ,um)〉X,Y,d :=
∫
Xd
P (u1, . . . ,um)Φd(7.1.4)
and
〈P (u1, . . . ,um)〉X,Y :=
∑
d∈Eff(X)
αd 〈P (u1, . . . ,um)〉X,Y,d ∈ Z
[[
αd : d ∈ Eff(X)]] ,(7.1.5)
where the completion is taken with respect to the ideal generated by Eff(X) \ {0}. Here
αd is defined by (6.3.4).
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8. Toric residue mirror symmetry
8.1. Let Gˇ = (Gˇ0, . . . , Gˇn) be a regular sequence in S∆ˇ. If we set IGˇ := I∆ˇ/(Gˇ0, . . . , Gˇn)I∆ˇ,
then the graded piece In+1
Gˇ
is one-dimensional and spanned by JGˇ := det
(
yˇi∂yˇiGˇj
)n
i,j=0
.
The toric residue [Cox96] is the map ResGˇ : I
n+1
∆ˇ
→ C sending (Gˇ0, . . . , Gˇn)I∆ˇ to zero
and JGˇ to the normalized volume vol(∆ˇ), i.e., n! times the Euclidean volume of ∆ˇ. For
α ∈ Lˇreg, we define Fˇα as in (6.5.2) and write Resfˇα := ResFˇα . Theorem 8.2 below is
introduced in [BM02, Conjecture 4.6] and proved in [SV04, Bor05].
Theorem 8.2. For any homogeneous polynomial P (α1, . . . , αm) ∈ C[α1, . . . , αm] of degree
n, the generating function (7.1.5) gives the Laurent expansion of the toric residue
〈P (u1, . . . ,um)〉X,Y = (−1)nResfˇα
(
yˇn+10 P (α1yˇ
b1 , . . . , αmyˇ
bm)
)
(8.2.1)
around the large radius limit point associated with the fan Σ.
[BM02, Conjecture 4.6] is generalized to toric complete intersections in [BM03, Con-
jecture 4.6] and proved in [Kar05, SV06].
8.3. The family ϕ : Yˇ → Lˇreg of Calabi–Yau manifolds comes with the holomorphic
volume form
Ω := Res
(
1
fˇα
dyˇ1
yˇ1
∧ · · · ∧ dyˇn
yˇn
)
∈ H0(HB).(8.3.1)
For a homogeneous polynomial Q(α1, . . . , αm) ∈ Q[α1, . . . , αm] of degree n − 1, the Q-
Yukawa (n− 1)-point function is defined in [BM02, Definition 9.1] by
YQ(α) := (−1)(n−1)(n−2)/2 1(
2π
√−1)n−1
∫
Yˇα
Ω ∧Q
(
α1
∂
∂α1
, . . . , αm
∂
∂αm
)
Ω,(8.3.2)
where the differential operators α1∂/∂α1, . . . , αm∂/∂αm act on HB by the Gauss–Manin
connection.
8.4. For Q(α1, . . . , αm) ∈ Q[α1, . . . , αm], we set
P (α1, . . . , αm) := (α1 + · · ·+ αm)Q(α1, . . . , αm) ∈ Q[α1, . . . , αm].(8.4.1)
By [BM02, Theorem 9.7], which is attributed to [Mav00], one has an equality
YQ(α) = (−1)nResfˇα
(
yˇn0P (α1yˇ
b1 , . . . , αmyˇ
bm)
)
(8.4.2)
of the Yukawa (n− 1)-point function and the toric residue.
8.5. Assume that the unstable locus of the L-action on Am with respect to θ has codi-
mension strictly greater than 1. Then one has H2(XΣ) = Pic(XΣ) = Pic
b L(Am) so
that the class pi corresponds to a one-dimensional representation Cpi of L. By abuse
of notation, we let pi denote the Gm-equivariant Euler class of the pull-back of the line
bundle [Am × Cpi/Gm] by the evaluation map ev0 : Xd → [Am/Gm] at 0 ∈ P1. Denote
v :=
∑m
i=1 ui.
If we set
Φ(t, τ ; z) :=
∑
d∈Eff(X)
eτ ·d
∫
Xd
e(t−τ )/zΦdv,(8.5.1)
then for any polynomial R(t1, . . . , tr) ∈ Q[t1, . . . , tr], one has
R
(
z
∂
∂t1
, . . . , z
∂
∂tr
)
Φ(t, τ ; z)
∣∣∣∣
τ=t
=
∑
d∈Eff(X)
et·d
∫
Xd
R(p1, . . . ,pr)Φdv.(8.5.2)
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In addition, one has
Φ(t, τ ; z) =
∫
Y
I(t;−z) ∪ I(τ ; z),(8.5.3)
by [Giv98, Proposition 6.2]. By specializing to z = 1 and using the definition of QA, one
obtains
Φ(t, τ ; 1) = QA (I(t; 1), I(τ ; 1)) .(8.5.4)
By combining (8.5.4) with (6.11.4), one obtains
Φ(t, τ ; 1) = QA
(
L−1(t; 1)F (t)1, L−1(τ ; 1)F (τ )1
)
.(8.5.5)
Since L is the fundamental solution for the flat connection ∇B, the function Φ(t, τ ) is
obtained by parallel-transporting F (t)1 ∈ (HB)t and F (τ )1 ∈ (HB)τ to the fiber at the
same point and taking the pairing QB at that point (the result does not depend on the
choice of the point since QB is ∇B-parallel). By sending (8.5.5) by (6.12.1), one obtains
(2π
√−1)n−1
∫
Y
I(t;−1)I(τ ; 1) = (−1)(n−1)(n−2)/2
∫
Yˇ
Ωt ∧ Ωτ .(8.5.6)
Assume that P (α1, . . . , αm) = (α1+· · ·+αm)Q(α1, . . . , αm) for a polynomialQ and take
R(t1, ..., tr) := Q(
∑r
i=1 ai,1ti, ...,
∑r
i=1 ai,mti)) where ai,j are integers uniquely satisfying
χj =
∑r
i=1 ai,jpi. By differentiating (8.5.6) by R(∂t1 , . . . , ∂tr) and setting τ = t, we
obtain toric residue mirror symmetry for polynomials of the form P (α1, . . . , αm) = (α1+
· · ·+ αm)Q(α1, . . . , αm).
9. Martin’s formula
9.1. Let G be a reductive algebraic group with a maximal torus T ⊂ G. The Weyl
group and the set of roots are denoted by W and ∆. Let further X be an affine scheme
with G-action, and fix a character θ of G. We write the line bundle on X/T associated
with α ∈ ∆ as Lα, and set
e :=
∏
α∈∆
c1(Lα) ∈ H2|∆|(X/T ;Z).(9.1.1)
We write the natural projection and inclusion as
XG-ss/T XT -ss/T
XG-ss/G,
ι
π
and say that a˜ ∈ H∗(X/T ) is a lift of a ∈ H∗(X/G) if π∗a = ι∗a˜.
Theorem 9.2 (Martin [Mar]). If a˜ is a lift of a, then one has∫
X/G
a =
1
|W |
∫
X/T
a˜ ∪ e.(9.2.1)
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9.3. When X = Mat(r, n) and G = GLr, one has
X/G ∼= Gr(r, n),(9.3.1)
X/T ∼= (Pn−1)r(9.3.2)
and
H∗(Gr(r, n)) ∼= C[σ1, . . . , σr]/(hn−r+1, . . . , hn),(9.3.3)
H∗((Pn−1)r) ∼= C[x1, . . . , xr]/(xn1 , . . . , xnr ),(9.3.4)
where σi = σi(x1, . . . , xr) ∈ C[x1, . . . , xr]Sr are elementary symmetric functions and
hi = hi(x1, . . . , xr) ∈ C[x1, . . . , xr]Sr = C[σ1, . . . , σr] are complete symmetric functions.
Martin’s formula in this case gives∫
Gr(r,n)
P (x1, . . . , xr) =
1
r!
∫
(Pn−1)r
∏
i 6=j
(xi − xj)P (x1, . . . , xr)(9.3.5)
=
(−1)r(r−1)/2
r!
∫
(Pn−1)r
∆2 ∪ P (x1, . . . , xr)(9.3.6)
for any P (x1, . . . , xr) ∈ C[x1, . . . , xr]Sr where ∆ :=
∏
1≤i<j≤r(xi − xj).
9.4. The equivariant cohomology ring of Gr(r, n) with respect to the natural action of
the diagonal maximal abelian subgroup H ⊂ GLn is presented as
H•H(Gr(r, n);C) ∼= C[σ1, . . . , σr]
/(
r∏
i=1
(xi − λi)
)
,(9.4.1)
and Martin’s formula gives
(9.4.2)
∫ H
Gr(r,n)
P (σ1, . . . , σr)
=
∑
1≤i1<i2<···ir≤n
Resx=(λi1 ,...,λir ) P (σ1, . . . , σr)
∏
i 6=j
(xi − xj) dx1 ∧ · · · ∧ dxr∏r
i=1
∏n
j=1(xi − λj)
.
10. Quasimap spaces for GIT quotients
10.1. Let G be a reductive algebraic group acting on an affine variety W and fix a
character θ of G. In this paper, we will always assume the following:
(1) Semi-stability implies stability.
(2) The semi-stable locus W ss is smooth and non-empty.
(3) The G-action onW ss is free (however, see [CCFK15] for allowing finite non-trivial
stablizers).
(4) The codimension of the unstable locus W \W ss is greater than one.
The GIT quotient is defined by W/G :=W ss/G, which is an open sub-stack of [W/G].
10.2. A map u : P1 → [W/G] to the quotient stack [W/G] is pair (P, u˜) of a principal
G-bundle P → P1 and a G-equivariant map u˜ : P → W . It is called a quasimap if the
generic point of P1 is mapped to W/G ⊂ [W/G]. A point in the inverse image of the
unstable locus will be called a base point.
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10.3. For a quasimap u : P1 → [W/G] and a G-equivariant line bundle L on W , the
pull-back u˜∗L is a G-equivariant line bundle on P , which descends to a line bundle u∗L
on P1. The degree of a quasimap u : P1 → [W/G] is the map d : PicGW → Z sending
L ∈ PicGW to deg u∗L.
10.4. An isomorphism of quasimaps u = (P, u˜) and u′ = (P ′, u˜′) is an isomorphism
ϕ : P → P ′ of principal G-bundles such that u˜ = u˜′ ◦ ϕ. By [CFKM14, Theorem 7.1.6],
the moduli functor for quasimaps of degree d is representable by a Deligne-Mumford stack,
which will be denoted by Q(W/G;d). This stack is denoted by Qmap0,0(W/G,d;P
1) in
[CFKM14, §7.2] and QG0+0,0,d(W/G) in [CFK14, Section 2.6]. Note thatQ(W/G) depends
not only on W/G and d but also on W , G, and θ.
10.5. Let Q•(W/G;d) ⊂ Q(W/G;d) be the sub-stack parametrizing quasimaps such
that u|P1\{0} is a constant map to W/G. This implies that 0 ∈ P1 is a base point of
length d(θ). This stack is denoted by Q0,0+•(W/G,d)0 in [CFK14, Section 4.1]. There
is a natural map ev : Q•(W/G;d) → W/G, called the evaluation map, which sends
u ∈ Q•(W/G;d) to u(∞) ∈ W/G.
10.6. There is a natural Gm-action on Q(W/G;d) coming from the standard Gm-action
on P1. As described in [CFK14, Section 4.1], the fixed locus of this action is identified
with the coproduct ∐
d1+d2=d
Q•(W/G;d1)×W/G Q•(W/G;d2)(10.6.1)
of fiber products with respect to the evaluation map.
10.7. IfW has at worst lci singularity, then Q(W/G;d) has a canonical perfect obstruc-
tion theory, which allows one to define the virtual fundamental cycle. It is an element of
the homology group of Q(W/G;d) whose degree is given by the virtual dimension
virt. dimQ(W/G;d) = 〈d, det TW 〉+ dimW/G.(10.7.1)
10.8. Since the stack Q•(W/G;d) is the union of connected components of the fixed
locus of the Gm-action, it has a perfect obstruction theory inherited from Q(W/G;d).
The virtual push-forward
evvirt∗ (−) := PD
(
ev∗
(
(−) ∩ [Q•(W/G;d)]virt
))
(10.8.1)
along the evaluation map ev : Q•(W/G;d)→W/G allows one to define the I-function
I(t; z) := ep·t/z
∑
d∈Eff(W/G)
ed·tId(10.8.2)
by
Id := ev
virt
∗
 1
EulGm
(
Nvirt
Q•(W/G;d)/Q(W/G;d)
)
 ,(10.8.3)
where the denominator is the Gm-equivariant Euler class of the virtual normal bundle.
An H-action onW commuting with the G-action induces an H-action on Q•(W/G;d),
which allows one to define the H-equivariant I-function of W/G.
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10.9. There exits a G-space V with a G-equivariant closed embedding W →֒ V . Let
u : Q(W/G;d) × P1 → [W/G] be the universal quasimap. It consists of a principal G-
bundle P on Q(W/G;d) × P1 and a G-equivariant morphism u˜ : P → W . Let P ′ :=
P|Q(W/G;d)×{pt} be the restriction of P to a fiber of the second projection Q(W/G;d)×
P1 → P1. We write the Chern–Weil homomorphism defined by P ′ as
CW : C[g]G → H∗ (Q(W/G;d)) .(10.9.1)
Note that C[g]G is isomorphic to C[t]W by Chevalley restriction theorem. For P ∈ C[t]W,
we set
〈P 〉W/G,d :=
∫
[Q(W/G;d)]virt
CW(P ),(10.9.2)
〈P 〉W/G :=
∑
d∈Eff(W/G)
e〈d,t〉 〈P 〉W/G,d .(10.9.3)
Conjecture 10.10. Suppose that W ⊂ V is the zero locus of G semi-invariant polyno-
mials fi, i = 1, ..., r. Provided with conditions in §10.1 and 10.7, for any P ∈ C[t]W,
the generating function (10.9.3) of quasimap invariants coincides with the correlation
function (2.2.4) of the A-twisted gauged linear sigma model up to an overall sign;
〈P 〉GLSM = ±〈P 〉W/G .(10.10.1)
Here the potential of GLSM is given as a G-invariant function
∑
i fipi of V × Ar where
pi denotes i-th coordinate of A
r with R-charge 2.
10.11. By taking P ′ to be the fiber over a fixed point of the natural Gm-action on the
domain curve P1, one can define Gm-equivariant quasimap invariants 〈P 〉GmW/G. If W has
an action of an algebraic torus H commuting with the action of G, then one can define
H ×Gm-equivariant quasimap invariants 〈P 〉Gm×HW/G .
11. Quasimap spaces for Grassmannians
11.1. Let Mat(r, n) ∼= Ar×n be the space of n × r matrices, which is considered as the
space of linear maps from an r-dimensional vector space to an n-dimensional vector space.
It has a natural action of GLr, and the GIT quotient Gr(r, n) := Mat(r, n)/ GLr is the
Grassmannian of r-spaces in an n-space.
11.2. The quasimap space Q(Gr(r, n); d) classifies pairs (P, u) of a principal GLr-bundle
P and a GLr-equivariant map u. The choice of a principal GLr-bundle P is equivalent to
the choice of a vector bundle S of rank r, and the choice of a GLr-equivariant map u is
equivalent to the choice of a map S → O⊕n
P1
, which is a sheaf injection since the generic
point must go to the semi-stable locus (but not necessarily a morphism of vector bundles).
The choice of a sheaf injection S → O⊕n
P1
is equivalent to the choice of a surjection
O⊕n
P1
→ Q, where Q is a coherent sheaf whose Hilbert polynomial is d + (n − r)(t + 1).
This is the same as the Hilbert polynomial of a locally free sheaf of rank n−r and degree
d, and one has an isomorphism
Q(Gr(r, n); d) ∼= QuotP1,d(O⊕nP1 , n− r).(11.2.1)
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11.3. It is shown in [BCFK05, Lemma 1.2] that the subspaceQ•(Gr(r, n); d) ofQ(Gr(r, n); d)
is decomposed into connected components as
Q•(Gr(r, n); d) =
∐
|d|=d
Q•(Gr(r, n);d),(11.3.1)
where d = (d1, . . . , dr) runs over elements of N
r satisfying |d| := d1 + · · ·+ dr = d, d1 ≤
d2 ≤ ... ≤ dr and each connected component is isomorphic to the partial flag manifold
Q•(Gr(r, n);d) ∼= Fl(m1, . . . , mk, r, n),(11.3.2)
where 1 ≤ m1 < m2 < · · · < mk = r denote the jumping indices;
0 ≤ d1 = · · · = dm1 < dm1+1 = · · · = dm+2 < · · · .(11.3.3)
Let x1, . . . , xr be the Chern roots of the dual of the universal subbundle on Gr(r, n). We
also define |x| := ∑ri=1 xi and |d| := ∑ri=1 di for d = (d1, ..., dr). The I-function can be
computed by localization as
IGr(r,n)(t; z) =
∑
d∈Nr
(−1)(r−1)|d|e(|d|+|x|/z)tId(z)(11.3.4)
where
Id(z) =
∏
1≤i<j≤r(xi − xj + (di − dj)z)∏
1≤i<j≤r(xi − xj)
∏r
i=1
∏n
j=1
∏di
l=1(xi + lz)
.(11.3.5)
As shown in [BCFK05, page 109], the I-function and the J-function agrees for Gr(r, n)
just as in the case of projective spaces.
11.4. The Hori–Vafa conjecture [HV] proved in [BCFK05] shows that the I-functions of
(Pn−1)r and Gr(r, n) are related by
IGr(r,n)(t; z) = e
−σ1(r−1)pi
√−1/z DI(Pn−1)r(t; z)
∆
∣∣∣∣
ti=t+(r−1)pi
√−1
(11.4.1)
where
D :=
∏
1≤i<j≤r
(
z
∂
∂ti
− z ∂
∂tj
)
.(11.4.2)
11.5. As shown in [BCFK05], the equivariant I-function with respect to the natural
action of H = (Gm)
n on Mat(r, n) is given by
IHGr(r,n)(t; z) = e
tσ1/z
∑
d∈Nr
(−1)(r−1)|d|e|d|t
∏
1≤i<j≤r(xi − xj + (di − dj)z)∏
1≤i<j≤r(xi − xj)
∏r
i=1
∏n
j=1
∏di
l=1(xi − λj + lz)
,
(11.5.1)
and the factorization gives
∞∑
d=0
edτ
〈
e(t−τ)σ1/z
〉H×Gm
Gr(r,n),d
=
∫ H
Gr(r,n)
IHGr(r,n)(t; z) ∪ IHGr(r,n)(τ ;−z).(11.5.2)
Here σ1 =
∑r
i=1 xi is the H-equivariant first Chern class of the vector bundle
S∨ = (Mat(r, n)× Cr) /G(11.5.3)
on Gr(r, n), where the G-action on Cr is the defining representation.
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11.6. Let V be an equivariant vector bundle on Gr(r, n) associated with a representation
V of GLr. If V is globally generated and detV ∼= ω∨Gr(r,n), then the zero Y := s−1(0) of
a general section s ∈ H0(V) is a smooth Calabi–Yau manifold by a generalization of the
theorem of Bertini [Muk92, Theorem 1.10].
11.7. Let [Mat(r, n)/GLr] be the quotient stack containing Gr(r, n) as an open substack.
The complete intersection Y ⊂ Gr(r, n) is an open substack of Y := [Z/GLr], where
Z ⊂ Mat(r, n) is the zero of the map s˜ : Mat(r, n) → V underlying s. Let S∨Y be the
vector bundle on Y associated with the defining representation of GLr. Any point p ∈ P1
determines a map evp : Q(Y ; d) → Y sending f : P1 → Y to f(p) ∈ Y , and the Chern
classes
σi := ci
(
ev∗p S∨Y
)
, i = 1, . . . , r(11.7.1)
does not depend on the choice of p ∈ P1. For P (σ1, . . . , σr) ∈ C[σ1, . . . , σr], we set
〈P (σ1, . . . , σr)〉Y,d :=
∫
[Q(Y ;d)]virt
P (σ1, . . . , σr)(11.7.2)
and
〈P (σ1, . . . , σr)〉Y :=
∞∑
d=0
edt 〈P (σ1, . . . , σr)〉Y,d .(11.7.3)
11.8. The equivariant I-function of Y is given by
IHY (t; z) =
∑
d∈Nr
e(d+x/z)·tId(t; z)
∣∣∣∣∣
ti=t+(r−1)pi
√−1
,(11.8.1)
where
Id(t; z) :=
∏
δ∈∆(V )
∏〈δ,d〉
l=1 (〈δ,x〉+ lz)
∏
1≤i<j≤r(xi − xj + (di − dj)z)∏
1≤i<j≤r(xi − xj)
∏r
i=1
∏n
j=1
∏di
l=1(xi − λj + lz)
,(11.8.2)
where 〈δ,x〉 denotes the first Chern class associated to the weight δ (expressed in terms
of the fundamental weights x1, ..., xr of the maximal diagonal torus of G). Localization
with respect to the natural Gm-action on Q(Gr(r, n); d) shows〈
e(t−τ)σ1/z
〉H
Y
=
∫ H
Y
I(t; z) ∪ I(τ ;−z)(11.8.3)
just as in (8.5.3).
12. Residue mirror symmetry for Grassmannians
12.1. We define the abelianized quasimap space for Gr(r, n) by
Qab(Gr(r, n); d) :=
∐
|d|=d
Qab(Gr(r, n);d),(12.1.1)
Qab(Gr(r, n);d) := Q(Pn−1; d1)× · · · ×Q(Pn−1; dr),(12.1.2)
where d runs over d = (d1, . . . , dr) ∈ Nr such that |d| := d1+ · · ·+dr = d. An abelianized
quasimap
ϕ(z1, z2) =
((
ϕi1(z1, z2), . . . , ϕin(z1, z2)
) ∈ Q(Pn−1; di))r
i=1
(12.1.3)
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defines a genuine map of degree d if the matrix (ϕij(z1, z2))i,j has rank r for any (z1, z2) 6=
0. For P (σ1, . . . , σr) ∈ C[σ1, . . . , σr], we set
〈P (σ1, . . . , σr)〉abGr(r,n),d :=
1
r!
∫
Qab(Gr(r,n);d)
∏
i 6=j
(xi − xj)P (σ1(x1, . . . , xr), . . . , σr(x1, . . . , xr)),
(12.1.4)
〈P (σ1, . . . , σr)〉abGr(r,n),d :=
∑
|d|=d
〈P (σ1, . . . , σr)〉abGr(r,n),d ,
(12.1.5)
〈P (σ1, . . . , σr)〉abGr(r,n) :=
∞∑
d=0
(−1)(r−1)dqd 〈P (σ1, . . . , σr)〉abGr(r,n),d .
(12.1.6)
12.2. If we set G := GLr and V := Mat(r, n), where G acts naturally on V and Gm acts
trivially on V , then we have Zvecd (x) =
∏
i 6=j(xi − xj) and Zmatd (x) =
∏r
i=1
(
x−di−1i
)n
, so
that (2.2.4) gives the same result as (12.1.4);
〈P (σ1, . . . , σr)〉GLSM = 〈P (σ1, . . . , σr)〉abGr(r,n) .(12.2.1)
12.3. We write the ring homomorphism C[σ1, . . . , σr] → QH(Gr(r, n)) sending σi ∈
C[σ1, . . . , σr] to σi ∈ H∗(Gr(r, n);C) ∼= C[σ1, . . . , σr]/(hn−r+1, . . . , hn) as P (σ1, . . . , σr) 7→
P˚ (σ1, . . . , σr) just as in the case of P
n−1.
Theorem 12.4. For any P (σ1, . . . , σr) ∈ C[σ1, . . . , σr], one has
〈P (σ1, . . . , σr)〉abGr(r,n) =
∫
Gr(r,n)
P˚ (σ1, . . . , σr).(12.4.1)
Proof. It follows from (3.7.2) that
〈P (σ1, . . . , σr)〉abGr(r,n)
=
1
r!
∞∑
d1,...,dr=0
((−1)r−1q)d1+···+dr Res
∏
i 6=j
(xi − xj)P (σ1, . . . , σr) dx1
x
n(d1+1)
1
∧ · · · ∧ dxr
x
n(dr+1)
r
=
1
r!
Res
∏
i 6=j
(xi − xj)P (σ1, . . . , σr) dx1
xn1 + (−1)rq
∧ · · · ∧ dxr
xnr + (−1)rq
=
1
r!nr
∑
xn1=(−1)r−1q
· · ·
∑
xnr=(−1)r−1q
∏
i 6=j
(xi − xj)P (σ1(x1, . . . , xr), . . . , σr(x1, . . . , xr))
=
∫
Gr(r,n)
P˚ (σ1, . . . , σr),
where the last equality is the Vafa-Intriligator formula [ST97, Theorem 4.6]. 
12.5. Theorem 12.4 is related to intersection theory on the moduli space of vector bun-
dles on a Riemann surface through a theorem of Witten [Wit95], which states the ex-
istence of a ring isomorphism QH(Gr(r, n))/(q − 1) ∼−→ R(U(r))n−r,n from the quantum
cohomology of Gr(r, n) at q = 1 and the Verlinde algebra of U(r) at SU(r) level n − r
and U(1) level n.
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12.6. We define the Gm-equivariant correlator of P (σ1, . . . , σr) ∈ C[σ1, . . . , σr] by
〈P (σ1, . . . , σr)〉ab,GmGr(r,n) :=
∑
d∈Nr
ed·t 〈P (σ1, . . . , σr)〉ab,GmGr(r,n),d
∣∣∣∣∣
ti=t+(r−1)pi
√−1
(12.6.1)
where
(12.6.2) 〈P (σ1, . . . , σr)〉ab,GmGr(r,n),d :=
∫ Gm
Qab(Gr(r,n);d)
∏
1≤i<j≤n
(xi − xj)(xj − xi + (dj − di)z)
P (σ1(x1, . . . , xr), . . . , σr(x1, . . . , xr)).
By acting Dt :=
∏
1≤i<j≤r
(
z∂ti − z∂tj
)
and −Dτ :=
∏
1≤i<j≤r
(−z∂τi + z∂τj) on both sides
of ∑
d∈Nr
ed·τ
〈
e(t−τ )·x/z
〉Gm
(Pn−1)r ,d
=
∫
(Pn−1)r
I(Pn−1)r(t; z) ∪ I(Pn−1)r(τ ;−z),(12.6.3)
one obtains∑
d∈Nr
ed·t
〈 ∏
1≤i<j≤r
(xi − xj)
∏
1≤i<j≤r
((xj + djz)− (xi + diz)) · e(t−τ )·x/z
〉Gm
(Pn−1)r
(12.6.4)
=
〈
e(t−τ )·x/z
〉ab,Gm
Gr(r,n)
(12.6.5)
on the left hand side and∫
(Pn−1)r
DtI(Pn−1)r(t; z) ∪ (−Dτ )I(Pn−1)r(τ ;−z)(12.6.6)
on the right hand side. By setting ti = t+(r− 1)π
√−1, τi = τ +(r− 1)π
√−1 and using
(11.4.1), one obtains〈
e(t−τ)σ1/z
〉ab
Gr(r,n)
=
1
r!
∫
(Pn−1)r
∆ ∪ IGr(r,n)(t; z) ∪∆ ∪ IGr(r,n)(τ ;−z)(12.6.7)
=
∫
Gr(r,n)
IGr(r,n)(t; z) ∪ IGr(r,n)(τ ;−z),
where the last equality is Martin’s formula (9.4.2). On the other hand, localization with
respect to the natural Gm-action on the domain curve gives the factorization〈
e(t−τ)σ1/z
〉
Gr(r,n)
=
∫
Gr(r,n)
IGr(r,n)(t; z) ∪ IGr(r,n)(τ ;−z).(12.6.8)
Together with (12.6.7), this gives the equality〈
e(t−τ)σ1/z
〉ab
Gr(r,n)
=
〈
e(t−τ)σ1/z
〉
Gr(r,n)
(12.6.9)
of the abelianized correlator and the ordinary correlator.
For any P (x) ∈ C[x1, . . . , xr]Sr , the same argument gives〈
P (x)e(t−τ )·x/z
〉ab
Gr(r,n)
(12.6.10)
=
∫
Gr(r,n)
(∑
d∈Nr
P (x+ dz)IGr(r,n),d(t; z)
)
∪
(∑
d∈Nr
IGr(r,n),d(τ ;−z)
)
=
〈
P (x)e(t−τ )·x/z
〉
Gr(r,n)
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where ti = t + (r − 1)π
√−1 and τi = τ + (r − 1)π
√−1. By setting t = τ in (12.6.10),
one obtains
〈P (x)〉abGr(r,n) = 〈P (x)〉Gr(r,n) .(12.6.11)
Together with (12.2.1), this proves Conjecture 10.10 for Grassmannians.
12.7. Let Y ⊂ Gr(r, n) be the zero locus of a general section of a globally-generated
vector bundle V on Gr(r, n) associated with a representation V of GLr. The set of
weights of V is denoted by ∆(V ). We define the abelianized Gm-equivariant Morrison-
Plesser class of Y by
Φab,Gmd (Y ; z) :=
∏
δ∈∆(V )
〈δ,d〉∏
l=1
(〈δ,x〉+ lz) .(12.7.1)
For P ∈ C[σ1, . . . , σr], we set
〈P (σ1, . . . , σr)〉ab,GmY :=
∑
d∈Nr
q|d|
〈
P (σ1, . . . , σr)Φ
ab,Gm
d (Y ; z)v
〉ab,Gm
Gr(r,n),d
,(12.7.2)
where v :=
∏
δ∈∆(V ) 〈δ,x〉 is the Euler class of the normal bundle of Y in Gr(r, n). By the
same reasoning as in Section 12.6 with the insertion of the abelizanized Morrison-Plesser
class, one obtains
〈P (σ1, . . . , σr)〉Y = (−1)|∆(V )| 〈P (σ1, . . . , σr)〉GLSM .(12.7.3)
Here, the identification between q and the Fayet–Illiopoulos parameter t′ is given by
q = (−1)
∑
δ∈∆(V )〈δ,1〉et
′
(12.7.4)
where 1 := (1, · · · , 1) ∈ Nr.
12.8. As an example, consider the vector bundle of rank 3 on Gr(3, 5) = Mat(3, 5)/U(3)
associated with the representation of U(3) determined by the Young diagram
λ = .(12.8.1)
This vector bundle is the tensor product ∧2Q(1) of the second exterior power ∧2Q of the
universal quotient bundle Q on Gr(2, 5) ∼= Gr(3, 5) and the ample generator O(1) of the
Picard group. One can immediately see from the Young diagram that the restriction of
the representation of U(3) associated with λ to the diagonal maximal torus T ∼= (Gm)3
is the direct sum ρ1,2,2⊕ρ2,1,2⊕ρ2,2,1. The associated line bundle on the abelian quotient
(P4)3 is given by O(1, 2, 2)⊕O(2, 1, 2)⊕O(2, 2, 1).
The complete intersection in Gr(3, 5) defined by ∧2Q(1) is a Calabi–Yau 3-fold of
Picard number 1, which will be denoted by Y henceforth. The Euler class of the normal
bundle of Y is
v := (x1 + 2x2 + 2x3)(2x1 + x2 + 2x3)(2x1 + 2x2 + x3),(12.8.2)
the abelianized Morrison-Plesser class is
(12.8.3) Φab(Y ;d) := (x1 + 2x2 + 2x3)
d1+2d2+2d3
(2x1 + x2 + 2x3)
2d1+d2+2d3(2x1 + 2x2 + x3)
2d1+2d2+d3 ,
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and the generating function for σ31 is
〈
σ31
〉ab
Y
= −1
6
∞∑
d1=0
∞∑
d2=0
∞∑
d3=0
qd1+d2+d3 Res(x1 + x2 + x3)
3
(12.8.4)
(x1 − x2)2(x1 − x3)2(x2 − x3)2Φab(Y ;d)v dx1
x
n(d1+1)
1
∧ dx2
x
n(d2+1)
2
∧ dx3
x
n(d3+1)
3
=
25(1− q)
(1 + q)(1− 123q + q2) .
(12.8.5)
This matches the Yukawa coupling of the mirror computed by Miura [Miu13, §5.2].
12.9. When V is a direct sum of line bundles, the mirror of Y is constructed by toric
degenerations [BCFKvS98, BCFKvS00]. It is an interesting problem to compare the
generating function (11.7.3) with the Yukawa coupling of this mirror.
13. Bethe/gauge correspondence
13.1. Let V1 and W1 be Hermitian vector spaces of dimensions r and n. The unitary
group U(r) acts naturally on V1 and trivially onW1, inducing an action on T
∗Hom(V1,W1) ∼=
Hom(V1,W1)⊕Hom(W1, V1). The real and complex moment maps for this action are given
by
µR : Hom(W1, V1)⊕Hom(V1,W1)→ End(V1), (i1, j1) 7→
√−1
2
(i1i
∗
1 − j∗1j1) ,(13.1.1)
µC : Hom(W1, V1)⊕Hom(V1,W1)→ End(V1), (i1, j1) 7→ i1j1.(13.1.2)
If (i1, j1) ∈ µ−1R
(
ζ
√−1 idV1
)
for ζ < 0, then j1 is injective. If (i1, j1) ∈ µ−1C (0), then i1
descends to a mapW1/ Im j1 → V1. It follows that the hyperKa¨hler quotient is isomorphic
to T ∗Gr(r, n); (
ζ−1R
(
ζ
√−1 idV1
) ∩ µ−1C (0))/U(r) ∼= T ∗Gr(r, n).(13.1.3)
This suggests that the gauged linear sigma model with the gauge group U(r) and the
reprensetation V := Hom(W1, V1)⊕Hom(V1,W1)⊕End(V1) describes the quantum coho-
mology of T ∗Gr(r, n). Here End(V1) is the Lagrange multiplier for the complex moment
map equation, and the potential is given by
V ∋ (i1, j1, P ) 7→ tr(Pi1j1).(13.1.4)
Let H := H1 ×H2 be the product of
• the diagonal maximal torus H1 of U(n), acting on Hom(W1, V1) and Hom(V1,W1)
through the natural action on W1, and trivially on End(V1), and
• the group H2 = U(1) acting trivially on Hom(W1, V1), by scalar multiplication on
Hom(V1,W1), and by inverse scalar multiplication on End(V1).
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One has
Zvecd (x) =
∏
1≤i 6=j≤r
(xi − xj),(13.1.5)
Zmatd (x) =
n∏
j=1
r∏
i=1
(xi − λj)−di−1(13.1.6)
×
n∏
j=1
r∏
i=1
(−xi + λj − µ)−(−di)−1(13.1.7)
×
∏
1≤i 6=j≤r
(xi − xj + µ)2−(di−dj)−1,(13.1.8)
so that the H-equivariant correlator of P ∈ C[x1, . . . , xr]Sr is given by
(13.1.9) 〈P 〉HGLSM =
1
r!
∞∑
d1=0
· · ·
∞∑
dr=0
((−1)r−1et)d1+···+dr
Res
[ ∏
1≤i 6=j≤r(xi − xj)∏
1≤i,j≤r(xi − xj + µ)(di−dj−1)∏n
j=1
∏r
i=1(−xi + λj − µ)di−1∏n
j=1
∏r
i=1(xi − λj)di+1
Pdx1 ∧ · · · ∧ dxr
]
,
where Res denotes the sum of residues at the points where xi is one of λj for i = 1, . . . , r
and j = 1, . . . , n (there are nr such points). This can formally be regarded as an equi-
variant integration over the projective space of dimension
∑r
i=1(di + 1)− 1, and it is an
interesting problem to give a geometric interpretation.
The effective potential (2.4.1) of this gauged linear sigma model is given by
Weff(x; t) = WFI(x; t
′) +Wvec(x) +Wmat(x),(13.1.10)
WFI(x; t) = t(x1 + · · ·+ xr),(13.1.11)
Wvec(x) = −π
√−1
∑
1≤i<j≤r
(xj − xi)(13.1.12)
= −π√−1
r∑
i=1
(2i− r − 1)xi,
Wmat(x) = −
r∑
i=1
n∑
j=1
(xi − λj) (log (xi − λj)− 1)(13.1.13)
−
r∑
i=1
n∑
j=1
(−xi + λj − µ) (log (−xi + λj − µ)− 1)
−
r∑
i=1
r∑
j=1
(xi − xj + µ) (log (xi − xj + µ)− 1) ,
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where λj and µ are equivariant parameters for the actions of H1 and H2 respectively.
Note that
e∂Weff/∂xi = et · (−1)2i−r−1 ·
n∏
j=1
(xi − λj)−1
n∏
j=1
(−xi + λj − µ)
∏
j 6=i
xj − xi + µ
xi − xj + µ(13.1.14)
= et+npi
√−1
n∏
j=1
xi − λj + µ
xi − λj
∏
j 6=i
xi − xj − µ
xi − xj + µ,(13.1.15)
so that the equations e∂xiWeff = 1, i = 1, . . . , r gives
n∏
j=1
xi − λj
xi − λj + µ = e
t+npi
√−1∏
j 6=i
xi − xj − µ
xi − xj + µ.(13.1.16)
By taking the sum over di just as in the proof of Corollary 3.7, one obtains
(13.1.17) 〈P 〉HGLSM =
1
r!
Res
[
1∏r
i=1
((
1− e∂xiWeff)∏nj=1 (xi − λj))∏
1≤i 6=j≤r(xi − xj)
∏
1≤i,j≤r(xi − xj + µ)∏r
i=1
∏n
j=1(−xi + λj − µ)
Pdx1 ∧ · · · ∧ dxr
]
where Res denotes the sum of residues at the roots of the equations (13.1.16).
13.2. The Heisenberg model, also known as the homogeneous XXX 1
2
model, is the SU(2)
spin chain model with Hamiltonian
H =
n∑
i=1
Si · Si+1,(13.2.1)
where Si = (S
x
i , S
y
i , S
z
i ) = (σ
x
i /2, σ
y
i /2, σ
z
i /2) are halves of Pauli matrices acting on the
i-th factor of the Hilbert space H := (C2)⊗n and
Si · Si+1 := Sxi Sxi+1 + Syi Syi+1 + Szi Szi+1.(13.2.2)
The total spin
Sz :=
n∑
i=1
Szi(13.2.3)
clearly commutes with the Hamiltonian, and we restrict to the Sz-eigenspace Hr ⊂ H
with eigenvalue (−n + r)/2. We impose the quasi-periodicity condition
Sn+1 = e
√−1ϑSz1S1e−
√−1ϑSz1 .(13.2.4)
Introduce variables x = (x1, . . . , xr) related to quasi-momenta p = (p1, . . . , pr) by
e
√−1pi =
xi +
√−1
2
xi −
√−1
2
.(13.2.5)
Then H-eigenspaces in Hr correspond bijectively to solutions of the Bethe equation(
xi +
√−1
2
xi −
√−1
2
)n
= e
√−1ϑ∏
j 6=i
xi − xj +
√−1
xi − xj −
√−1(13.2.6)
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V1 V2 · · · Vn V1
W1 W2 · · · Wn W1
B1 B1 B1 B1
B2 B2 B2 B2
a a a a
b b b b
Figure 14.1. The chainsaw quiver
V1 V2 · · · Vn−1
W1 W2 · · · Wn−1 Wn
B1 B1 B1
B2 B2 B2
a a a
b b b b
Figure 14.2. The handsaw quiver
with eigenavlues n − 2r + 2∑ri=1 cos pi. The integrability comes from factorization of
many-body S-matrix into the product of the 2-body S-matrix given by
S(pi, pj) = 1− 2e
√−1pj + e
√−1(pi+pj).(13.2.7)
See e.g. [Sta12] and references therein for Bethe ansatz for the quasi-periodic Heisen-
berg model. The Bethe equation (13.2.6) coincides with (13.1.16) under λj =
√−1
2
,
j = 1, . . . , n, µ = −√−1, and ϑ = −√−1t+n/2. This observation and its generalizations
is called Bethe/gauge correspondence [NS09]. The relation between classical/quantum co-
homology of Grassmannians and integrable systems is studied in [BMO11, MO, GRTV13,
Oko].
14. Quasimaps and instantons
14.1. As explained in [FR14, Section 2.3], the moduli space of framed instantons on
C×[C/(Z/nZ)] is isomorphic to the Nakajima quiver associated with the chainsaw quiver
shown in Figure 14.1.
14.2. Representations of the chainsaw quiver satisfying dimVn = 0 are in one-to-one
correspondence with representations of the handsaw quiver shown in Figure 14.2. It
is shown in [FR14, Section 2.3] (see also [Nak12, Section 3] for an exposition) that the
Nakajima quiver variety associated with the handsaw quiver is isomorphic to the parabolic
Laumon space parametrizing flags
0 = E0 ⊂ E1 ⊂ · · · ⊂ En−1 ⊂ En = W ⊗C OP1(14.2.1)
of locally free sheaves on P1 such that rankEi =
∑
j≤i dimWj, degEi = − dimVi, and
the flag at ∞ ∈ P1 is equal to the standard flag 0 ⊂ W1 ⊂ W1 ⊕ W2 ⊂ · · · ⊂ W1 ⊕
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W2 ⊕ · · · ⊕Wn−1 ⊂ W. This coincides with the space of based quasimaps to partial flag
varieties, i.e., quasimaps with specified value at infinity.
15. Quasimaps and monopoles
15.1. Let G be a compact Lie group with a maximal torus H . A monopole on R3 is
a pair (A,Φ) of a connection A on a principal G-bundle P and a section Φ of P ×G g
satisfying the Bogomolny equation
FA = ∗dAΦ.(15.1.1)
In order for the curvature to have a finite L2-norm, it is natural to demand that the
restriction of Φ to a sphere with large radius tends to a map to a fixed adjoint orbit
O ∼= G/H ∼= GC/P . The homotopy class k ∈ π2(GC/P ) of the resulting map is called
the charge of the monopole.
15.2. A choice of a gauge satisfying a certain boundary condition at infinity is called
a framing of the monopole. The framed moduli space is a principal H-bundle over the
unframed moduli space. The framed moduli space has a natural hyperKa¨hler structure
coming from the dimensional reduction of the anti-self-dual equation in dimension 4.
15.3. Monopoles on R3 are related to
(1) spectral curves on TP1,
(2) Nahm’s equation
dTi
ds
= ǫijk[Tj, Tk], i = 1, 2, 3(15.3.1)
for Ti ∈ C∞((0, 2),Mat(k, k;C)), and
(3) based quasimaps from P1 to GC/P of degree k.
(1) comes from the twistor correspondence [Hit82, Hit83], and (2) comes from Nahm
transform [Nah82]. (3) is proved for SU(2) in [Don84], and the general case can be found
in [Jar98b, Jar98a] and references therein.
16. Quasimaps and vortices
16.1. Let X be a Ka¨hler manifold, (E, h) be a Hermitian vector bundle on X , and τ be
a positive real number. The Yang–Mills–Higgs functional sends a pair (A, φ) of a unitary
connection dA of (E, h) and a section φ of E to
YMH (φ, h) = ‖FA‖2L2 + ‖dAφ‖2L2 +
1
4
‖φ⊗ φ∗ − τ‖2L2 .(16.1.1)
By [Bra90, Proposition 2.1], one has
(16.1.2) YMH (φ,A) = 4
∥∥F 0,2∥∥2
L2
+ 2
∥∥∂Aφ∥∥2L2 + ∥∥∥∥√−1ΛF + 12φ⊗ φ∗ − τ2
∥∥∥∥2
L2
+ τ
∫
X
√−1 trF ∧ ω[n−1] +
∫
X
trF ∧ F ∧ ω[n−2].
where ω[k] := ωk/(k!).
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16.2. Assume that X is a projective curve, so that
deg(E) =
√−1
2π
trF.(16.2.1)
Then (16.1.2) immediately implies the Bogomolny–Prasad–Sommerfield inequality
YMH (φ,A) ≥ 2πτ deg(E),(16.2.2)
and the equality holds if and only if the vortex equation
F 0,2 = 0,(16.2.3)
∂Aφ = 0,(16.2.4)
−√−1ΛF = 1
2
(φ⊗ φ∗ − τ idE)(16.2.5)
is satisfied. (16.2.3) and (16.2.4) are holomorphicities for E and φ, and (16.2.5) is a
generalization of the constant central curvature equation.
16.3. By taking the trace of (16.2.5) and integrating over X , one obtains
−2π deg(E) = 1
2
‖φ‖2L2 −
1
2
τ rank(E) vol(X),(16.3.1)
so that the condition
τ ≥ 4π deg(E)
rank(E) vol(X)
(16.3.2)
is necessary for (16.2.5) to have a solution.
16.4. The slope of a holomorphic vector bundle E is defined by
µ(E) =
deg(E)
rank(E)
.(16.4.1)
For a holomorphic section φ of E, we set
µˆ(E) := sup {µ(E ′) | E ′ is a reflexive subsheaf of E of rank less than E} ,
µM(E) := max {µˆ(E), µ(E)} ,
µm(E, φ) := inf
{
rank(E)µ(E)− rank(E ′)µ(E ′)
rank(E)− rank(E ′)
∣∣∣∣
E ′ is a reflexive subsheaf of E such that rankE ′ < rankE and φ ∈ Γ(E ′)
}
.
A pair (E, φ) of a holomorphic vector bundle E and its holomorphic section φ is said to
be stable if
µM(E) < µm(E, φ).(16.4.2)
Theorem 16.5 ([Bra91, Theorem 2.1.6]). Let (E, φ) be a pair of a holomorphic vector
bundle and its holomorphic section. If there exists a Hermitian metric on E satisfying
the vortex equation, then one has either of the following:
(i) (E, φ) is stable and satisfies
µM <
τ Vol(X)
4π
< µm(φ).(16.5.1)
(ii) E has a direct sum decomposition E = Eφ⊕E ′, φ is an element of H0(Eφ) ⊂ H0(E),
(Eφ, φ) satisfies (i) above, and E
′ is the direct sum of stable vector bundles of slope
τ Vol(X)/4π.
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Theorem 16.6 ([Bra91, Theorem 3.1.1]). Let (E, φ) be a stable pair of a holomorphic
vector bundle and its holomorphic section. Then for any real number τ satisfying (16.5.1),
there exists a Hermitian metric on E satisfying (16.2.5).
Bradlow proved these results not only for projective curves but also for compact Ka¨hler
manifolds.
16.7. Vortex equation (16.2.5) admits the following generalization, which also contains
Hitchin’s self-duality equation [Hit87] as a special case. Let Q = (Q0, Q1, s, t) be a quiver
and M = (Ma)a∈Q1 be a collection of vector bundles on X labeled by Q1. An M-twisted
Q-sheaf on X is a pair R =
(
(Ev)v∈Q0 , (φa)a∈Q1
)
of a collection (Ev)v∈Q0 of vector
bundles labeled by Q0 and a collection
(φa)a∈Q1 ∈
∏
a∈Q1
Hom
(
Es(a) ⊗Ma, Et(a)
)
(16.7.1)
of morphisms labeled by Q1.
Given a collection (Ev)v∈Q0 of holomorphic vector bundles on a Ka¨hler manifold X ,
another collection (Ma)a∈Q1 of holomorphic vector bundles onX , a collection σ = (σv)v∈Q0
of positive real numbers, and a collection τ = (τv)v∈Q0 of real numbers, the equation
σv
√−1ΛFv +
∑
t(a)=v
φa ◦ φ∗a −
∑
s(a)=v
φ∗a ◦ φa = τv idEv(16.7.2)
for Hermitian metrics on (Ev)v∈Q0 is called the M-twisted quiver (σ, τ)-vortex equation.
The (σ, τ)-degree and the (σ, τ)-slope of an M-twisted Q-sheaf R is defined by
degσ,τ (R) =
∑
v∈Q0
(σv degEv − τv rankEv) ,(16.7.3)
µσ,τ (R) =
degσ,τ (R)∑
v∈Q0 σv rankEv
.(16.7.4)
A Q-sheaf is stable if one has µσ,τ (R
′) < µσ,τ (R) for any proper subsheaf R′. A Q-sheaf
is polystale if it is the direct sum of stable Q-sheaf of the same slope.
Theorem 16.8 ([A´CGP03, Theorem 3.1]). A Q-sheaf R with degσ,τ (R) = 0 admits a
Hermitian metric satisfying the quiver vortex equation (16.7.2) if and only if R is (σ, τ)-
polystable. This Hermitian metric is unique up to a multiplication by a positive constant
for each stable summand.
Quasimaps to Mat(r, n)/ GLr corresponds to the case when the quiver Q = (1→ 2)
consists of two vertices and one arrow between them, M1 and M2 are the structure
sheaves, rankE1 = r, and E2 is the trivial bundle of rank n.
16.9. Note that the map V → End(V ), φ 7→ φ⊗φ∗ appearing in (16.2.5) is the moment
map for the natural action of the unitary group U(V ) on V . With this in mind, a
generalization
∗FA + µ(Φ) = τ idE(16.9.1)
of the vortex equation (16.2.5) to the case where one has a Hamiltonian action of a
compact group G on a Ka¨hler manifold X is given in [MiR00, CGS00]. Here A is
a connection on a principal G-bundle on a curve C, Φ is a holomorphic section of
P ×G X , and µ : X → g is the moment map. They are used to define invariants of
a symplectic manifold with a Hamiltonian group action [CGS00, MiR03, CGMiRS02],
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which are closely related to the Gromov–Witten invariants of the symplectic quotient
[GS05, Zil14, Woo15a, Woo15b, Woo15c]. [CS06] use wall-crossing in vortex invariants
to study quantum cohomology of monotone toric varieties with minimal Chern number
greater than or equal to 2.
16.10. Let X be a Ka¨hler manifold with a Hamiltonian action of a compact connected
Lie group G. We assume that X is either compact or equivariantly convex at infinity
with a proper moment map. We fix an invariant inner product to identity g∨ with g, and
write the moment map as µ : X → g.
An affine vortex is a pair (A, u) of a connection A on the principal bundle P = C×G
and a holomorphic section u : C → P ×G X satisfying the vortex equation
∗FA + µ(u) = 0.(16.10.1)
A gauged holomorphic map to X with respect to the complex Lie group GC acting on X
is a map to the quotient stack [X/GC]. In other words, a gauged holomorphic map from
a scheme C to X is a pair (P, u) of a principal GC-bundle P over C and a GC-equivariant
holomorphic map u : P → X .
If the GC-action on X
ss is free, then by [VW, Theorem 1.1], there is a natural bijection
between the set of affine K-vortices with target X up to gauge equivalence and the set
of pairs gauged holomorphic maps such that u(∞) ∈ Xss. This is an open sub-stack of
the set of quasimaps such that ∞ is not contained in the base locus.
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